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Abstract
We apply the convergent close-coupling (CCC) formalism to analyse the processes of
laser assisted electron impact ionisation of He, and the attosecond time delay in the
photodetachment of the H− ion and the photoionisation of He. Such time dependent
atomic collision processes are of considerable interest as experimental measurements
on the relevant timescale (attoseconds 10−18 s) are now possible utilising ultrafast
and intense laser pulses. These processes in particular are furthermore of interest
as they are strongly influenced by many-electron correlations. In such cases their
theoretical description requires a more comprehensive treatment than that offered
by first order perturbation theory. We apply such a treatment through the use
of the CCC formalism which involves the complete numeric solution of the integral
Lippmann-Schwinger equations pertaining to a particular scattering event. For laser
assisted electron impact ionisation of He such a treatment is of a considerably greater
accuracy than the majority of previous theoretical descriptions applied to this prob-
lem which treat the field-free scattering event within the first Born approximation.
For the photodetachment of H− and photoionisation of He, the CCC approach al-
lows for accurate calculation of the attosecond time delay and comparison with the
companion processes of photoelectron scattering on H and He+, respectively.
Results of our CCC calculations for laser assisted electron impact ionisation of
He are consistent with the previous findings reported in the literature [C. Höhr et al,
Phys. Rev. Lett. 94, 153201 (2005)]. Our results provide further confirmation that
the cause of the theoretical discrepancy is in the treatment of the laser field interac-
tion as opposed to the that of the field-free scattering. Concurrently, our application
of the CCC method to attosecond time delay in the photodetachment of H− and
contrasting processes has led to the discovery of the measurable opening time of the
inelastic channel [A. Kheifets, A. Bray, and I. Bray, Phys. Rev. Lett. 117, 143202
(2016)]. Additionally, for calculations across this channel threshold we employ the
newly developed numerical treatments of the singularity within the aforementioned
integral Lippmann-Schwinger equations [A. Bray et al, Comput. Phys. Commun.
196, 276-279 (2015) and 203, 147-151 (2016)] which has been extended for applica-
tion to charged targets as part of this work for the purposes of the He+ calculations
vii
[A. Bray et al, Comput. Phys. Commun. (accepted October 2016)].
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Project Summary
The work I have been involved in throughout my Honours year falls into four cate-
gories:
1) Implementation of the soft photon approximation for laser assisted collisions
within CCC.
This task was such that I was able to undertake it largely autonomously with
the main result being made clear around the time of mid-year presentations. It
involved running the CCC code to produce convergent results for the field-free
triply differential cross section (TDCS) for electron scattering on atomic helium
and then calculating the laser field-assisted cross section under the soft photon
approximation which is expressed as a sum of field-free cross sections weighted
by squared Bessel functions (see Equation (2.101)). In doing so we were able to
reproduce results of a similar form to that of [C. Höhr et al, J. Electron. Spectrosc.
Relat. Phenom. 161, 172-177 (2007)] and concluded that the introduction of a
more elaborate treatment of the field-free scattering was not sufficient to rectify
their presented discrepancy with their experiment. Further investigation of this
discrepancy via this approach was deemed to require considerably more time
and likely only lead to minor benefit, and as such we moved to work on other
problems.
2) Implementation of the alternative treatment of the singularities occurring in the
integral Lippmann-Schwinger equations solved within CCC for charged targets.
This task was an extension of work I had undergone in 2015. It involves modifying
the CCC formalism to incorporate an analytic form of an integral involving the
Green’s function [A. Bray et al, Comput. Phys. Commun. 196, 276-279 (2015)
and 203, 147-151 (2016)]. Doing so removes the need for a numerical treatment
of integration across the point of singularity occurring in open channels. The
original formulation can become error prone for energies near threshold in which
the singularity occurs close to zero. For charged targets the Green’s function
takes on a form with Coulomb functions as opposed to Riccati-Bessel functions.
However, the analytic result of the integral expression is of the same form as
xv
the original and such it was relatively simple to extend this method to charged
targets [A. Bray et al, Comput. Phys. Commun. (accepted October 2016)]. The
alternative treatment is utilised for the e-H scattering across the n = 2 threshold
required for photoemission time delay calculations of H− . The extension to
charged targets allowed application to e-He+ scattering which is necessary to
calculate the photoemission time delay for He.
3) Calculation of Wigner time delay for H− and He.
This involved using the CCC approach to calculate amplitudes for the photode-
tachment of the H− ion across a large range of photoelectron energies and from
which calculate the photoemission time delay. Doing so requires the half off-shell
T -matrix for the associated elastic scattering event, which in this case is the elas-
tic scattering of an electron on H in the dipole singlet channel (see Section 2.4).
This scattering event also has an associated time delay calculated from the phase
shift in the L = 1 partial wave, which we compare to the photoemission delay.
Of particular interest is the behaviours exhibited across the n = 2 threshold (at
10.2 eV) where the opening of this channel leads to significant contrast due to
the different electron-electron correlations present in the ground states of the
targets. For comparison with that of H−we also consider the photoionisation of
atomic He and the associated scattering event of elastic e-He+ scattering, again
in the dipole singlet channel. The major result of this investigation was the large
(' 40 as) and potentially measurable photoemission time delay of H− above this
threshold. This was a highly exciting result and led to a publication in Physical
Review Letters [A. Kheifets, A. Bray, and I. Bray, Phys. Rev. Lett. 117, 143202
(2016)].
4) Investigation of using a TDSE code for atomic systems interacting with ultra-
short laser pulses.
This involved using the newly published TDSE code of [S. Patchkovskii and H.G.
Muller, Comput. Phys. Commun. 199, 153-169 (2016)] in attempt to reproduce
the photoemission spectra presented in [L. Torlina et al, Nature Phys. 11, 503-508
(2015)]. Despite initial success in producing photoelectron spectra as a function
of energy, angular dependences with momentum proved more challenging. Even-
tually this was also rectified, but we were still unable to produce the angular
dependencies of the attoclock paper for calculations taking the better part of
a day. This remains the case as of the current moment. We intend to further
investigate the use of a time dependent formalism as part of a PhD project in
the coming year (see Section 4.1).
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Chapter 1
Introduction
The fundamental drive behind all scientific endeavours is to observe and explain
the physical world. Two of the most prevalent aspects that make up this world
in which we reside are matter and light (dark matter/energy notwithstanding), of
which our understanding provides some of the greatest insight into our universe.
Let alone the knowledge to be gained from the examination of each in isolation,
the interaction between the two tests our understanding like no other. Take for
example, the photoelectric effect [1], in which the interaction between matter and
light immensely elucidated the nature of both, and subsequently led to the birth
of quantum mechanics [2]. Despite the passing of more than a century since this
point, there are still innumerable questions to be answered in the description of
this fundamental interaction. The two such questions that we investigate within
this work are the laser assisted electron impact ionisation of He, and the attosecond
time delay in the photodetachment of the H− ion and the photoionisation of He.
1.1 Contextual Background
The scope of this work encompasses both field-free (no laser) and field-assisted (laser
present) atomic scattering and as such an introduction to these two related fields are
provided. This is a common theme through the work and this structure is repeated
in a similar vein in subsequent chapters.
1.1.1 Atomic and Molecular Scattering
Scattering events at the atomic scale have always been one of the sources of greatest
insight into the nature of our world. The earliest experiments of electron scattering
[3] were key in establishing the existence of orbitals of quantised energy as suggested
by the Bohr model of the atom. With the onset of quantum mechanical theory the
first measurement of electron-atom total cross sections were conducted by Ramsauer
1
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[4] and theoretical attempts to calculate scattering amplitudes by Massey and Mohr
[5]. But despite this early progress within the field many fundamental problems
remained.
The theoretical description of electron-atom collisions for all incident energies
and scattering angles remained elusive for the better part of the century. Such a
problem is inherently complicated, requiring the solution of the Schrödinger or Dirac
(relativistic) equation with three or more bodies. Additionally, the nature of atomic
targets with a countably infinite number of bound discrete states (negative energy)
as well as a uncountably infinite number of free states (positive energy) for each
electron, all of which are coupled to one another provides a considerably challenge
for formal theoretical description. Furthermore, in collisions involving ionisation or
initially charged targets the 1/r Coulomb interaction potential which continues to
infinite distance constitutes a further source of difficulty. Yet another complication
encountered specific to electron scattering is the non-uniqueness of solution coming
from the indistinguishability of electrons and the possibility of projectile exchange
with the target electrons. Despite these complexities of the underlying problem,
one of the greatest successes of early theory is the wide applicability of the so
called Born approximation [6]. In which, large parts of the problem are omitted in
the assumption that the interaction between the projectile and target atom is weak.
This assumption is most appropriate in the case of large incident energies (compared
to the ground state energy of the target). However, for processes at energies which
are comparable with the ground state of the atomic target an equivalently effective
description was beyond the reach of theory. The work of Massey [7] provides a good
summary of the attempts and difficulties faced by the early theoretical attempts to
tackle this realm of the parameter space.
The electron-hydrogen scattering system is considered the most fundamental
physical scattering problem, yet it was the source of considerable discrepancy in
the 1980’s. Experiment had progressed to the 1s-2p excitation of atomic hydro-
gen [8, 9] of which there was theory available for comparison. However, the best
theoretical attempts of the time [10, 11], though in reasonable agreement between
themselves, both failed to explain the results of the two experiments for backward
scattering angles. This challenge for theorists in conjunction with advances in com-
putation power led to the development of a number of non-perturbative numerical
treatments in order to reconcile this discrepancy. Among these are the R-matrix
with pseudostates (RMPS) [12], exterior complex scaling (ECS) [13], time depen-
dent close-coupling (TDCC) [14] and convergent close-coupling (CCC) [15] methods.
Despite these advances, much to the initial dismay of theorists, these new techniques
produced results similar to the older theories. However with the increasing weight of
theoretical support these experiments were conducted once more with more modern
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techniques [16, 17] which finally resolved this disagreement, demonstrating excellent
agreement with the theoretically predicted values in the region of previously greatest
discrepancy.
The next major hurdle within the field were ionisation collisions events (break-
up) for the three body system that is electron scattering on hydrogen. This remained
one of the unsolved fundamental problems within quantum mechanics. The math-
ematical formalism was initially given for this system in the 60’s by Peterkop [18]
and Rudge and Seaton [19], however this formulation involves a boundary condition
enforced onto the wavefunction such that all three charged particles were interacting
up to infinite distance that proved so intractable that no computational method has
incorporated it in its entirety. The first detailed calculations of the ionisation were
given in the late 80’s and early 90’s [20, 21]. However, it was not until the incredible
success of the exterior complex scaling work of Rescigno et al. [13] and Baertschy
et al. [22] that the problem was considered solved, with a flurry of subsequent papers
published as other methods provided their own contributions [23–25]. These compu-
tational methods despite their success, lacked formal grounding in their treatment
of the Coulomb boundary condition, and it was only recently in a series of works
[26–28] culminating in that of Kadyrov et al. [29], that this grounding was provided.
With the fundamental scattering interactions solved for hydrogen, the next
decade saw agreement between theory and experiment for all manner of atomic
targets, including helium [30, 31], hydrogen-like metals [32], helium-like metals [33],
heavy noble gases [34] and ions [21]. Largely this was due to the structural prob-
lems in describing these various targets being solved far earlier (helium for example
famously by Hylleraas [35] and subsequently Pekeris [36]) than those of scattering
and the generality of the developed computational methods. Scattering on basic
molecular targets such as H+2 [37], H2 [38], and H2O [39] (the latter within a neon-
like approximation) have also been theoretically described. Additionally, various
projectiles have been successfully treated by theory including photons [40] (consid-
ered as a half-collision), positrons [41], and heavy projectiles such as protons [42],
anti-protons [43], and ions [44]. In the case of positively charged projectiles, multi-
centre treatments [45] are often required due to the possibility of electron capture.
Such was the success of theory within recent years that many consider the field to
be solved. The modern frontiers of atomic and molecular scattering are in the de-
scription of increasingly complex molecular targets [39], near threshold behaviours
[46], and in multi-interaction processes such as those involved in stopping power
calculations [47].
4 § 1.1 Contextual Background
1.1.2 Laser Assisted Electron Dynamics
The development of the laser in the 60’s [48] (maser in the 50’s [49]) provided
physicist with a coherent source of light that was readily controllable, and led to
a subsequent surge in the science to describe the interaction of light with atomic
targets [50–52]. From this point onwards, the study of light interacting with atoms
and molecules has largely being driven by the continual improvement and develop-
ment of laser technologies. For a long period of time the intensities of light sources
were sufficiently low such that their interaction with atomic targets could be ad-
equately described using first order perturbation theory [53]. As such a push for
greater intensities was present in order to observe more complicated phenomena.
The technique known as mode-locking in which a series of laser frequencies are com-
bined to produce an increasingly short and intense pulse at regular intervals was
demonstrated in the early Ruby [54] and Nd : YAG [55] lasers, the second of which
is still commonly in use today. The intensity of a pulse generated in such a manner
is inversely related to the spread of frequencies in the original laser source, and as
such a large number of ‘colours’ are desirable. Typically solid state lasers have the
largest frequency bandwidth and are hence favoured for the production of intense
pulses. Using these techniques laser pulses with peak intensities of the order of 1014
W/cm2 are able to be generated, firmly in the region dubbed ‘intense’ where the
interaction is no longer trivially described as a perturbation of the laser free system.
In conjunction with the drive for more intense laser sources comes the require-
ment for increasingly short pulse duration. Even if a particularly intense laser source
is exposed to an atomic target, if the dynamics of the system all occur within the
pulse ‘wings’ rather than across the entire pulse, then regardless of the intensity the
source cannot be used to observe high intensity effects. The development of the Ti:
Sapphire laser in the 80’s [56] was a major revolution, providing a highly tunable
solid state laser source with which it was possible to produce pulses with durations
of the order of femtoseconds (10−15 s) and intensities of the order of 1018 W/cm2.
It is in this region, dubbed ‘super intense’, that the electric field of the laser now
becomes the dominant influence over the atomic system. For example, in the case
of atomic hydrogen at an intensity of 3.5× 1016 W/cm2 the influence of the electric
field of the laser becomes equal to the force that binds the electron. In this su-
per intense region extremely short pulses are particularly necessary as even for low
laser frequencies (photon energies) the pulse is able to easily ionise the target before
the peak intensity is reached. Regardless, it is interesting that despite the extreme
dominance of the laser in terms of sheer magnitude, that due to the electron inertia
and the oscillatory nature of the laser pulse that the effects of the atomic structure
still play a significant role. Sources of coherent and extremely intense radiation
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have additionally been produced with free-electron lasers [57], of which they are
uniquely tunable to produce photons over a massive frequency range (microwaves
to X-rays). However, due to their significant expense and size, for the purposes of
physicists interested in short and intense coherent pulses they are only used for their
upper frequency range as elsewhere solid state laser sources are a considerably more
convenient and readily available alternative.
Femtosecond pulses of laser light have been used to great effect most notably
leading to the 1999 Nobel prize in Chemistry being awarded to Professor Ahmed H.
Zewail for his work in resolving in time the motion of molecules breaking apart under
exposure of such pulses [58, 59]. This was possible as the resolution of such a short
pulse of light is comparable to the timescale of molecular dynamics (the vibration
period of H2 is ≈ 8 fs). Even more recently with the advent of high harmonic
generation processes [60] pulses of attosecond (10−18 s) duration with intensities as
high as 1018 W/cm2 are now readily available [61]. This process involves using an
existing femtosecond pulse to ionise an atomic target (such as neon [61]), accelerate
it away from the nucleus as the pulse rises, then accelerate it back toward the nucleus
as the crest passes and then falls, and upon recombination release the gained energy
in the form of a burst of attosecond duration. Pulses on this timescale have moved
into the regime of electronic motion within atoms (the orbital period of the electron
in the Bohr model of atomic hydrogen is ≈ 150 as) and their use in resolving such
dynamics was soon formally theorised [62], birthing the field of attosecond science
[63]. However, this has yet to be fully realised as to do so requires a rigorous
understanding of the various time delays involved in atomic interactions with laser
pulses of this nature [64]. As one can imagine, this has become an incredibly active
area of research and has led to intense scrutiny toward the application of these
attosecond pulses and the field of laser assisted electron dynamics as a whole.
1.2 Motivation and Project Goals
Here we present a short introduction to the existing literature regarding the prob-
lems we investigate within this work. Furthermore, we look to justify how our
contribution fits into this framework and why it constitutes a worthwhile addition.
1.2.1 Soft Photon Approximation Implementation with CCC
The first considerations of laser assisted charged particle scattering were given by
Kroll and Watson [65], which still forms a significant basis for comparison with the-
ory and experiment in the current day [66]. This basis being that under a number
of approximations (see Equation (2.104)) that the field-assisted cross section involv-
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ing n laser photons can be expressed as the field-free cross section with adjusted
kinematics multiplied by a squared Bessel function (see Equation (2.102)), and has
come to be known as the soft photon approximation (alternatively the Kroll and
Watson approximation). An important consequence of this result is that not only
is it possible to solve a fundamentally time dependent problem through a time in-
dependent formalism, but that the ratio of field-free to field-assisted cross sections
becomes independent of the scattering centre for free-free scattering (equivalent to
elastic scattering but with the possible emission or absorption of laser photons) from
an atomic target. The same result was concisely rederived by Rahman [67] within
the scope of free-free charged particle scattering from an arbitrary potential in the
presence of an intense electromagnetic wave and tested extensively in a series of
experiments [68–70], and was found generally to be in qualitative agreement. How-
ever, in the experiment by Wallbank and Holmes [71] it was found that for small
scattering angle and low incident electron energy that the approximation did begin
to break down. This motivated the subsequent comprehensive study by Geltman
[72] which provided further confirmation of its inadequacy for small scattering an-
gles. These experiments all were well positioned to test the predictions under the
soft photon approximation as due to the independence of the atomic target, experi-
mentally convenient noble gases could be used, simply measuring the ratio with and
without the laser. However, when considering either ionising collisions or theoretical
descriptions that include target dressing effects [73] of the laser this is no longer the
case.
The same principles behind those of Kroll and Watson were brought to particle-
atom ionising collisions by Cavaliere et al. [74] resulting in an expression with a
similar form (see Equation (2.101)) to the free-free case. Due to the sum over multi-
ple cross sections leading to the total field-assisted cross section, no longer may the
ratio be considered independent from the scattering system. Because of this, the
usual divide rears its head between the theorists of which atomic hydrogen becomes
the ideal target for consideration and experimentalists for which noble gases are
much preferred. Initial application of the theory to the electron impact ionisation
of hydrogen was included in the original paper [74] with a number of increasingly
comprehensive applications in following years [75–78]. The latter two of these in-
corporate and pay particular attention to the target dressing effects of the laser and
find the triply differential cross section (TDCS) to be strongly dependent on such
effects. An application to electron impact ionisation of helium was first presented by
Joachain et al. [79] of which the same group published a very comprehensive work
on the subject a few years later [80]. In which, the authors themselves state that
the primary driver for their extension of the theory from hydrogen to helium is to
provide additional incentive to perform such laser assisted collisions experiments.
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This demand was filled by the work of Höhr et al. [81] and their follow up paper
[82] in which they provided further experimental data and an additional soft pho-
ton approximation based theoretical comparison. However, from this comparison
they found that not only was the soft photon approximation inadequate to describe
the results of their experiment, but that it predicted diminution of the cross sec-
tion when the experiment observed enhancement and conversely enhancement when
the experiment observed diminution. For this reason, they have concluded that
in such an ionisation event that there is a fundamental aspect of the physics that
is missing from the existing theoretical descriptions and calls for comparison with
more advanced theoretical models such as offered by R-matrix Floquet [83]. For
this experiment to challenge what was thought to be a well established theoretical
grounding on the subject has come as a considerable surprise to many, and leaves
both theorists and experimentalists with many interesting problems to consider.
In order to further investigate this discrepancy we look to take the scattering
framework that is the convergent close-coupling (CCC) method and extend its appli-
cability to a soft photon approximation based method for calculating field-assisted
cross sections. The field-free scattering cross sections are calculated using the first
Born approximation in the theoretical work presented within Höhr et al. [82]. In
this aspect through the application of CCC we are well positioned to improve upon
the strength of the theoretical description. Additionally, in the most comprehensive
description available of the electron impact of helium [80] they also state that the
most obvious limitation of their description is the first Born treatment of the colli-
sional stage of the calculation. More recent attempts of examining this discrepancy
include incorporating second order Born terms for the field-free scattering event
[84] and target dressing effects [85], which although each find significant differences
with the addition of these aspects, remain unsuccessful in rectifying the situation.
Hence, the application of a more comprehensive collisional theory to this problem
which treats the projectile-target interaction to all orders will provide useful insight
into the cause of this discrepancy.
1.2.2 Wigner Time Delay of H− and He near Threshold
The emission of an electron from an atom upon the absorption of an energetic photon
(photoemission, or the photoelectric effect) is one of the most elementary quantum-
mechanical phenomena. Up until recently, studies of photoemission mainly focused
on energetics of the process and the temporal or dynamic aspects were ignored. The
fundamental reason for this is that the time scale involved for these processes (at-
toseconds 10−18 s) is inaccessible for measurement. However, measurements on this
time scale have now become possible with the invention of the so-called “attosec-
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ond streak camera” [86, 87]. The camera makes use of a high harmonic generation
(HHG) process which converts a driving near-infrared (NIR) femtosecond pulse into
coherent extreme ultraviolet (XUV) bursts, at least one order of magnitude shorter
than can be produced by conventional pulsed laser systems. The camera makes mea-
surements through application of an attosecond XUV burst onto an atomic electron
setting it in motion, while the same driving NIR pulse used to generate the attosec-
ond pulse, after a carefully monitored time delay, is used to accelerate or decelerate
the ionised electron. The effect of this interaction on the phase between the two
pulsed sources then constitutes the measurement made by the camera. A key aspect
of this process is the phase stabilisation of the driving NIR pulse with a shot-to-shot
stability of a few attoseconds. This stability allows the technique to be used as
a temporal ruler on this time scale, which may then be applied to resolve various
atomic processes in time.
One such process is the time delay involved in atomic photoemission. In this
process it appears that the photoelectron leaves an atom with a short delay rela-
tive to the arrival of the ionising pulse. Hence, the study of this process provides
a mechanism for observing ultrafast electron dynamics [88]. The first experimental
observations of time delay in photoemission [89, 90] gave rise to the rapidly develop-
ing field of attosecond chronoscopy. The time delay in photoemission is interpreted
in terms of the Wigner time delay introduced for a particle scattering in external
potential [91–93]. It is a delay, or advance, of a particle travelling through a poten-
tial landscape in comparison with the same particle travelling in a free space. The
Wigner time delay is calculated as an energy derivative of the scattering phase in a
given partial wave (see Section 2.4.1). A similar definition is adapted in photoemis-
sion, where the time delay is related to the photoelectron group delay, and evaluated
as an energy derivative of the phase of the ionisation amplitude [89, 94].
If a single electron is set free when a multi-electron atom absorbs a photon, it is
strictly speaking not a single-electron process. Rather, it is the result of the corre-
lated motion of all the electrons, and hence these correlations can have a significant
influence on the properties of the emitted photoelectron. To investigate the effect
of inter-electron interactions on the Wigner time delay we consider the process of
photodetachment of an electron from the negative hydrogen ion and compare it
with that of elastic electron scattering on the hydrogen atom near the first excita-
tion threshold. The elastic scattering of an electron on hydrogen is the process that
underpins the correlation in photodetachment of H− through the channel coupling
in the ionisation continuum (see Section 2.4). Photodetachment of H− and elec-
tron scattering on H are therefore closely related processes, both of which involve a
Wigner time delay that is strongly affected by their inter-electron interaction. How-
ever, despite their similarities, there is a considerable difference in the lowest order
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interaction present in these systems causing them to exhibit contrasting behaviours
with the opening of the n = 2 excitation threshold. Additionally, we consider the
photoionisation of helium and the associated scattering process of elastic scattering
on He+ to provide further comparison with the analysis of H− . Through this investi-
gation [95] we gain considerable insight into the nature of the electronic interactions
within these targets and provide theoretical predictions for experimentalists looking
to measure the time delay inherent in these processes.
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Chapter 2
Theory
In this chapter we provide an introduction to the theory required for an understand-
ing of the problems we look to investigate and the approaches we utilise to do so.
We begin providing background for the general scattering formalism present in all
theory (Section 2.1), electron impact ionisation (e,2e) (Section 2.1.1), and the con-
siderations required for comparison with Höhr et al. [82] (Section 2.1.2). Next we
consider the convergent close-coupling (CCC) approach to solving for field-free scat-
tering amplitudes (Section 2.2), how you go about achieving convergence within the
method (Section 2.2.1), and an application of the theory to the (e,2e) process of he-
lium (Section 2.2.2). Finally, we provide information pertaining to the treatment of
laser assisted collision processes (Section 2.3), the soft photon approximation (Sec-
tion 2.3.1), the application of the CCC method to photoemission (Section 2.4), and
the Wigner time delay of a scattering event (Section 2.4.1). For additional deriva-
tions relevant to the following theory see the corresponding section in Appendix B.
In this and subsequent chapters the system of atomic units (a.u.) will be used
unless otherwise stated. For those unfamiliar with the system of atomic units, see
Appendix A. However, note that the units of energy are an exceptional case, typically
expressed in eV. Furthermore, time is typically given in terms of attoseconds (as =
10−18 s) and intensity in W/cm2. For the extent of this work the energetics of each
species are sufficiently low such that no relativistic effects need be accounted for
(see Section 2.1.2). Hence, what follows is a purely non-relativistic treatment of
scattering theory. Additionally, the mass to velocity ratios of the species are such
that the centre of mass frame approximates the laboratory frame (see Section 2.1.2).
Hence, no extra efforts are required in conversion between said frames for the purpose
of comparison with experiment.
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2.1 Atomic Scattering Background
Atomic scattering entails a projectile incident on a target atom, undergoing some
interaction, and then leaving the system in some final state. We now look to provide
a description of this process derived from the foundations of quantum mechanics
[96, 97]. Note that there is no explicit time dependence of the interaction potential
and hence we may use a time independent formulation. Additionally, for the scope of
this work we also assume that there is no explicit spin dependence on the potential.
This is a reasonable assumption as we are dealing with targets of low atomic charge
(Z) such as helium and the spin-orbit interaction scales with Z. Consequently, spin
only has an indirect effect through the Pauli exclusion principle. Furthermore, the
following is only applicable for initially neutral targets.
Let us denote the initial state of the projectile as |ki〉, which is described by its
momentum ki. Asymptotically, this initial state is given as a plane wave
lim
r→∞〈r|ki〉 = (2pi)
−3/2eiki·r, (2.1)
where r is the spatial coordinate of the projectile. Let us describe the initial state of
the target as |φi〉 with corresponding energy i. This can be equivalently described
by the standard set of quantum numbers for each of the atomic electrons, but in
the interest of generality we will remain with simply |φi〉. For a specific treatment
of electron scattering on helium see Section 2.2.2. Together we have the system in
its initial state described by |φiki〉.
Considering the final state of the system we similarly describe the projectile
and target as |kf〉 and |φf〉 respectively. However, the scattered projectile is now
asymptotically described by the sum of a plane and spherical wave as
lim
r→∞〈r|kf〉 = (2pi)
−3/2
eikf ·rδfi + fSfi(kf ,ki)eikf rr
 , (2.2)
where fSfi(kf ,ki) is the scattering amplitude from state i→ f of total spin S. This
amplitude is related to the experimentally observable spin-resolved differential cross
section via
dσSfi(θ, φ)
dΩ =
kf
ki
|fSfi(kf ,ki)|2, (2.3)
where dΩ is the element of solid angle in which the projectile is scattered. The
spin-resolved integrated cross section is then given by
σSfi =
∫
dΩ
dσSfi(θ, φ)
dΩ (2.4)
=
∫
dkˆf
kf
ki
|fSfi(kf ,ki)|2. (2.5)
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The equivalent spin averaged quantities are calculated by averaging over initial spin
states, and summing over final spin states such that
dσfi
dΩ =
1
2(2si + 1)
∑
S
(2S + 1)
dσSfi
dΩ , (2.6)
where si is the initial spin state of the projectile. This is due to the nature of the final
spin states being distinguishable whereas the initial spin states are indistinguishable.
Similarly for the integrated cross section we have
σfi =
∫
dΩ dσfi(θ, φ)dΩ . (2.7)
The total cross section which is irrespective of the final state of the system is given
by
σtoti =
∑
f
σfi. (2.8)
The wavefunction describing the system |ΨS(+)i 〉 is a solution to the Schrödinger
equation
(H − E)|ΨS(+)i 〉 = 0, (2.9)
where H is the total Hamiltonian of the system, E = k2i /2 + i = k2f/2 + f is
the total energy of the system and the superscript (+) is used to denote outgoing
spherical wave boundary conditions (see Appendix B.2). Consequently, to satisfy
the boundary condition of the scattered projectile the wavefunction must have the
following asymptotic limit
lim
r→∞〈r|Ψ
S(+)
i 〉 = (2pi)−3/2
eiki·r|φi〉+∑∫
n
fSni(kn,ki)
eiknr
r
|φn〉
 . (2.10)
The goal of any scattering theory is therefore to calculate the fSfi(kf ,ki) and subse-
quently the observable cross sections to compare with experiment.
S-Matrix
We may consider a scattering problem as taking an initial wavefunction |Ψi〉 to a
final wavefunction |Ψf〉. The scattering operator (S) (equivalently matrix when
defined in terms of a basis) is then defined such that
|Ψf〉 = S|Ψi〉. (2.11)
Hence, the S operator contains all the information as to the evolution of the system
from its initial to final state. The S-matrix is then defined in terms of the bases
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determined by the initial and final states of the system such that
Sfi ≡ 〈kfφf |S|φiki〉. (2.12)
The above notation will be used to represent matrices defined on the basis defined
by the initial and final states. It can be shown [97] that the S-matrix element from
state i→ f is given by
Sfi = δfi − 2pii√
kikf
〈kfφf |V |Ψi〉 (2.13)
where V contains the interaction potentials of the system.
T -Matrix
The transition matrix (T ) is defined as the second term in (2.13) such that
Tfi = 〈kfφf |V |Ψi〉. (2.14)
Equivalently this definition in operator form is
T |φiki〉 = V |Ψi〉. (2.15)
The scattering amplitude in the case of non-breakup collisions such as elastic scat-
tering or excitation is given exactly by the T -matrix element (see Appendix B.2 for
derivation) such that
ffi = Tfi. (2.16)
In the case of breakup collisions, such as ionisation, the derivation of the scatter-
ing amplitude has been a long standing problem, only recently being given formal
grounding [29]. When formulated utilising a set of square integrable states (see
Section 2.2) the amplitude takes the form
ffi = 〈qf |φf〉Tfi , (2.17)
where |qf〉 is the continuum eigenfunction of the target Hamiltonian with energy f .
In the case of a hydrogen target the |qf〉 are pure Coulomb waves.
Born Series
The Lippmann-Schwinger equation for the T operator is given by
T = V + V G(+)T (2.18)
where G(+) is the Green’s function corresponding to outgoing spherical wave bound-
ary conditions (see Appendix B.1). See Equation (2.46) for the momentum space
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form of (2.18) for the T -matrix elements within CCC. Iterating the application of
(2.18) to itself generates the infinite series
T = V + V G(+)V +
(
V G(+)
)2
V +
(
V G(+)
)3
V + . . . (2.19)
known as the Born series. Truncating (2.19) to include k terms is known as the
k-th Born approximation which provides an increasingly accurate description of the
coupling between reaction channels. Do note however, that the series expression
(2.19) is not necessarily convergent. Most commonly encountered is the first Born
approximation, valid when the interaction is weak, and is simply taking only the
first term in (2.19) such that
Tfi = Vfi. (2.20)
In the case of CCC method, (2.18) is solved directly for T (see Section 2.2) and
hence no such approximation is involved.
Optical Theorem
The optical theorem, first derived by Sellmeier [98] in the context of refraction, is
a consequence of either the conservation of energy or, in the context of quantum
mechanics, probability. It states that the total cross section (σtoti ) is related to the
imaginary component of the forward elastic scattering amplitude (fii) such that
σtoti = −
Im (fii)
piki
. (2.21)
Do note that the proportionality constant varies with choice of normalisation and
ours is designed to be consistent with the derivation presented in Bray [99]. The
consequence of this theorem is that as the total cross section is constrained by the
elastic scattering cross section, all cross sectional quantities that contribute to the
total are interlinked. As such, convergence of any of these cross sectional quantities
(such as excitation or ionisation) is indicative of the same occurring for the others
as their sum is constrained.
2.1.1 Electron Impact Ionisation Geometry and Terminology
Electron impact ionisation, dubbed the (e,2e) reaction, is an atomic scattering pro-
cess in which an incoming electron ionises a target atom, resulting in two electrons
leaving the system. Typically considered is a coplanar asymmetric geometry [100]
where the projectile is scattered into the same plane as the ejected electron (see
Figure 2.1) and the ejected electron is free to scatter at any angle within this plane.
The projectile approaches with momentum ki, transfers momentum q to the target,
and is scattered with a momentum of ka such that q = ki − ka. In terms of ener-
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getics we have for the final energy of the projectile E(ka) = k2a/2 = (k2i − q2)/2− i,
where i is the ionisation energy of the target atom in its initial state. The trans-
ferred momentum q is distributed between the constituents of the target such that
q = kR + kb where kR is the recoil momentum of the resulting ion and kb is the
momentum of the ejected electron. The azimuthal angle of scattering is denoted φa
and φb for the projectile and ejected electron respectively.
x
y
z
ki
φa
kb
φb
q
kR
ka
Figure 2.1: Standard (e,2e) process in an asymmetric coplanar geometry. The projec-
tile initial (ki) and final (ka) momentum are given in red with scattering angle φa, the
transferred momentum (q = |ki − ka|) in purple, the ejected electron momentum (kb) in
blue at an angle φb, and the momentum of the recoiling ion (kR) in orange such that
q = ki − ka = kb + kR. For the purposes of this work we will consider angles in the
direction as denoted by φa to be positive and conversely those in the direction of φb to be
negative, such that φ ∈ (−180◦, 180◦].
The relevant cross sectional quantity for such a process is known as the triply
differential cross section (TDCS) [101, 102]
d3σ
dΩadΩbdEb
∝ kakb
ki
∑
S
(2S + 1)
4 |f
S
fi(ka,kb,ki)|2, (2.22)
where dΩa and dΩb are the elements of solid angle in which the projectile and ejected
electron are scattered and fSfi(ka,kb,ki) is the scattering amplitude for a transition
i→ f such that f > 0, i.e. ionisation.
Note that in the case where E(ki) is very large the ejected electron is often
referred to as the ‘slow’ electron and correspondingly the projectile as the ‘fast’
electron. This is due to large exchange of energy to the bound electron being a
negligible reaction channel, causing them to be essentially distinguishable. For ex-
ample, in comparison with Höhr et al. [82] we consider E(ki) = 1000 eV with typical
values of E(kb) in the order of 10 eV.
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2.1.2 Experimental Comparison Considerations
The experimental data [82] for the laser assisted electron impact ionisation of helium
that we look to compare with are given for a projectile electron of energy E(ki) =
1000 eV in the presence of a laser field of photon energy Eγ = 1.15 eV and intensity
I = 4× 1014 W/cm2 (see Table 3.1). This laser is oriented such that it produces a
linearly polarised electric field F parallel to the x-axis (see Figure 2.2).
x
y
z
F
ki
φa
kb
φb
q
kR
ka
Figure 2.2: (e,2e) process in an asymmetric coplanar geometry with addition of the laser
as in Höhr et al. [82]. Symbols are denoted as in Figure 2.1 with the addition of a linearly
polarised electric field (F ) given in magenta.
The relation between the momentum of the electrons and their energy is given
by the classical expression
k =
√
2E (2.23)
and the relativistic expression
k =
√
E(E + 2c2)
c
. (2.24)
From Figure 2.3 we can see the validity of the classical expression still holds at
energies around 1000 eV and hence we are yet to need to include any relativistic
considerations at these energies. It is unusual for the energy of the projectile to be
sufficiently high to merit a relativistic treatment in atomic scattering, however it is
often required when dealing with highly charged targets [103].
The centre of mass velocity is given by
vCM =
ka
me +mHe
(2.25)
≈
√
2× 1000/27.21 Hartree
7.3× 103 me yˆ (2.26)
≈ 0 a.u. . (2.27)
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Hence, we may consider there to be no difference between values calculated in lab-
oratory or centre of mass frames. This is most often the case for atomic scattering
problems.
The cross sectional data is given in terms of momentum transfer, so we need to
be able to freely convert between this and the scattering angle of the projectile. For
a projectile with momentum ki which is scattered by an angle φa and leaving with
momentum ka we have from the definition of q that
q = ki − ka (2.28)
=⇒ q = |ki − ka| (2.29)
=
√
k2i + k2a − 2kika cosφa. (2.30)
The nature of this expression is demonstrated in Figure 2.4.
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Figure 2.3: Comparison between classical (2.23) and relativistic (2.24) expressions for
momentum as a function of energy.
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Figure 2.4: Magnitude of momentum transfer q (2.30) as a function of scattering angle
φa. Here we have taken E(ki) = 1000 eV and E(ka) = 10 eV.
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2.2 Convergent Close-Coupling
The convergent close-coupling (CCC) is a general method of solving for scattering
amplitudes and cross sections in atomic and molecular scattering. Initially developed
for electron scattering on hydrogen [104] it has now been extended to the scattering
of various projectiles on: hydrogen-like targets [105], helium [106] and helium-like
targets [33], positronium [107], simple molecules (H2, H+2 ) [38], noble gases [108],
and a neon-like treatment of water (H2O) [39]. It is currently implemented for
projectiles such as electrons, positrons [109], and heavy projectiles such as protons
[42], anti-protons [43], and bare nuclei [44]. In the case of positive projectiles multi-
centre calculations are available [110] due to the possibility of electron capture by
the projectile, and for highly charged targets a fully relativistic formulation is addi-
tionally implemented [103]. Furthermore, CCC has been used to treat single [111]
and double [112–115] ionisation by photons (photoionisation). We present a short
introduction of this application of CCC to photoionisation in Section 2.4. When
treating targets with low charge a L − S coupling scheme is generally found to be
more accurate [116], whereas for high charge targets J −J coupling is utilised [117].
One of the key mathematical complications in the formulation of atomic scat-
tering is accounting for the true eigenstates of the target. This is a non-trivial task
as there exists a countably infinite number of bound states (negative energy) and
an uncountably infinite number of free states (positive energy). The defining char-
acteristic of the CCC method is in this treatment, in which the states of the target
are expanded through the use of a complete Laguerre basis
ξ
(λl)
jl (r) =
(
λl(j − 1)!
(2l + 1 + j)!
)
(λlr)l+1 exp (−λlr/2)L2l+1j−1 (λlr), (2.31)
where l is the angular momentum of the target state (s, p, d, . . .), λl is a corre-
sponding free parameter that is chosen as best to fit the true target states, Nl is the
basis size for a particular value of l, 1 ≤ j ≤ Nl, and L2l+1j−1 (λlr) are the associated
Laguerre polynomials
L2l+1j−1 (λlr) =
j−1∑
m=0
(−1)m(j + 2l)!(λlr)m
(j − 1−m)!(2l + 1 +m)!m! . (2.32)
As for a complete orthonormal basis, the |ξ(λ)jl 〉 satisfy〈
ξ
(λ)
jl |ξ(λ)j′l
〉
=
∫ ∞
0
dr ξ(λ)jl (r)ξ
(λ)
j′l (r) (2.33)
= δjj′ . (2.34)
Utilizing this, we are able to express the identity operator, originally expressed in
terms of the true eigenstates (|φnl〉), in terms of our Laguerre based states (|φ(Nl)nl 〉)
20 § 2.2 Convergent Close-Coupling
by diagonalising the target Hamiltonian (HT ) such that
φ
(Nl)
nl =
Nl∑
j=1
|ξ(λl)jl 〉〈ξ(λl)jl |Cn〉 (2.35)
where the |Cn〉 are the eigenvectors of the matrix A defined as
Ajj′ = 〈ξ(λl)jl |HT |ξ(λl)j′l 〉. (2.36)
Equivalently,
Nl∑
j′=1
〈ξ(λl)jl |HT |ξ(λl)j′l 〉〈ξ(λl)j′l |Cn〉 = Nlnl 〈ξ(λl)jl |Cn〉, (2.37)
where the (Nl)nl are the energy eigenvalues generated by the diagonalisation. This
definition produces a set of orthonormal states |φ(Nl)nl 〉 which have the following
property
〈φ(Nl)fl |HT |φ(Nl)il 〉 = (Nl)fl δfi. (2.38)
These states of corresponding energy (Nl)fl are those which the CCC calculation
solves for in approximation to the true physical system. Figure 2.5 demonstrates
the energy levels generated in the diagonalisation of the hydrogen Hamiltonian with
l = 0, λ0 = 1, of various basis sizes N0 as compared to the true eigenstates of the
target. Observe that for increasing basis size, the negative energy eigenstates better
approximate the true eigenstates to higher n and the positive energy eigenstates
become increasingly dense. It addition, both the positive and negative states defined
by this expansion are square integrable (their square, integrated across all space is
finite). In fact we have for the identity operator given in terms of the true eigenstates
that
I =
∑∫
n
|φn〉〈φn| (2.39)
= lim
N→∞
N∑
n=1
|φ(N)n 〉〈φ(N)n |. (2.40)
Here we have N such that N = ∑lNl and the subscript n represents the full set of
quantum numbers required to describe the state. This now allows us to expand the
total wavefunction |ΨS(+)i 〉 in terms of the newly defined states via the following,
0 = (E −H)|ΨS(+)i 〉 (2.41)
≈ (E −H)
N∑
n=1
|φ(N)n 〉〈φ(N)n |ΨS(+)i 〉 (2.42)
≡ (E −H)|ΨS(N+)i 〉. (2.43)
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Figure 2.5: Energy eigenstates generated for increasing basis size (N0) demonstrating
convergence to the true eigenstates of a l = 0 hydrogen atom. This figure is courtesy of
Bray [99].
With this expression we can now formulate a set of coupled Lippmann-Schwinger
equations for the transition amplitude (see Appendix B.1 for derivation) such that〈
kfφ
(N)
nf
∣∣∣T S∣∣∣φ(N)ni ki〉 = 〈kfφ(N)nf ∣∣∣V S∣∣∣φ(N)ni ki〉
+
N∑
n=1
∫
d3k
〈
kfφ
(N)
nf
∣∣∣V S∣∣∣φ(N)n k〉〈kφ(N)n ∣∣∣T S∣∣∣φ(N)ni ki〉
E + i0− (N)n − k2/2
, (2.44)
where i0 denotes an imaginary component added to the integral due to the singu-
larity occurring when k2/2 = E − (Nl)nl (see Appendix B.2), and the V S operator
contains all the interaction potentials as well as the symmetrisation requirements of
the wavefunction. In the case of electron-hydrogen scattering, a two electron system,
we have that
V S = V − (−1)S(E −H)Pr, (2.45)
where Pr is the space exchange operator (Pr|r1r2〉 = |r2r1〉), and V contains the
interaction potentials. See (2.67) for the equivalent electron-helium scattering ex-
pression. It is from (2.44) that the convergent close-coupling approach gets its name,
as it involves the solution of this set of coupled Lippmann-Schwinger equations. The
original close coupling formalism was introduced by Massey and Mohr [5], however
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the use of the Laguerre basis to discretise both the countably infinite bound states
of the target in addition to the uncountably infinite continuum of free states is
unique to CCC. The motivation for the additional ‘convergence’ in the name is the
convergence with basis size that results from this discretisation process.
Employing a partial wave expansion of (2.44) we may reduce the problem into
one dimension such that〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉 = 〈Lfkf lfφ(Nl)nf lf ∥∥∥V SJ∥∥∥φ(Nl)nili likiLi〉
+
∑
l,L
Nl∑
n=1
∫ ∞
0
dk k2
〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥V SJ∥∥∥φ(Nl)nl l k L〉〈L k l φ(Nl)nl ∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉
E + i0− (Nl)nl − k2/2
,
(2.46)
where now the projectile is represented by its final linear momentum kf and orbital
angular momentum Lf relative to the target nucleus, and equivalently for its initial
state. Here J is the total orbital angular momentum of the system and the subscripts
of the target states n and l now refer to those as generated in (2.35). The li and lf
are the orbital angular momentum of the corresponding target state. Introduction of
double bar (‖) bra-ket notation is to distinguish from the angular dependent matrix
elements. The original T S matrix elements may be restored from those of the partial
wave expanded version T SJ via〈
kfφ
(N)
nf
∣∣∣T S∣∣∣φ(N)ni ki〉 = ∑
Lf ,Mf ,J,K,Li,Mi
[〈
kˆf
∣∣∣LfMf〉〈MfLfmf lf ∣∣∣JK〉
×
〈
Lfkf lfφ
(N)
nf lf
∥∥∥T SJ∥∥∥φ(N)nili likiLi〉
×
〈
KJ
∣∣∣limiLiMi〉〈MiLi∣∣∣kˆi〉]. (2.47)
Here 〈kˆf |LfMf〉 ≡ YLM(kˆ) are spherical harmonics, CJKLMlm = 〈M L m l|JK〉
are Clebsch-Gordan coefficients, and K = M + m is the total angular momen-
tum projection in the z-quantisation direction. In (2.46) a reaction channel n is
considered ‘open’ (physically accessible) if E− (Nl)nl > 0, i.e. the projectile has suffi-
cient energy to leave the target in a state of energy (Nl)nl and itself have momentum
knl =
√
2
(
E − (Nl)nl
)
> 0. In the case of knl being complex the channel is referred to
as ‘closed’ (physically inaccessible). For open channels the momentum integration
in (2.46) encounters a singularity when k2/2 = E − (Nl)nl . With this knowledge we
can rewrite (2.46) as〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉 = 〈Lfkf lfφ(Nl)nf lf ∥∥∥V SJ∥∥∥φ(Nl)nili likiLi〉
+
∑
l,L
 Nl∑
n=1
P
∫ ∞
0
dk k2
〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥V SJ∥∥∥φ(Nl)nl l k L〉〈L k l φ(Nl)nl ∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉
E + i0− (Nl)nl − k2/2
− ipi
Nol∑
n=1
knl
〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥V SJ∥∥∥φ(Nl)nl l knlL〉〈L knll φ(Nl)nl ∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉
,
(2.48)
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where N ol is the number of open channels for a particular l, and for these open
channels we have split the integration into a principle value component (P) and
residual contribution from the point of singularity. For closed channels the principle
value term is identically equal to the original integral expression. We now define the
K-matrix (unrelated to the K in (2.47)) as
〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥KSJ∥∥∥φ(Nl)nili likiLi〉 = ∑
l,L
Nol∑
n=1
〈Lfkf lfφ(Nl)nf lf ∥∥∥T SJ∥∥∥φ(Nl)nl l knlL〉
×
(
δlilδLiLδnin + ipiknl
〈
L knll φ
(Nl)
nl
∥∥∥KSJ∥∥∥φ(Nl)nili likiLi〉
). (2.49)
Using this definition we can express (2.48) as〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥KSJ∥∥∥φ(Nl)nili likiLi〉 = 〈Lfkf lfφ(Nl)nf lf ∥∥∥V SJ∥∥∥φ(Nl)nili likiLi〉
+
∑
l,L
Nl∑
n=1
P
∫ ∞
0
dk k2
〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥V SJ∥∥∥φ(Nl)nl l k L〉〈L k l φ(Nl)nl ∥∥∥KSJ∥∥∥φ(Nl)nili likiLi〉
E − (Nl)nl − k2/2
,
(2.50)
where P again denotes the principle value of the integral. This expression for the
K-matrix contains entirely real values and hence may be solved using purely real
arithmetic. The T -matrix is then reconstructed by solving the considerably smaller
set of equations (2.49). Interestingly the T -matrix is symmetric though not itself
unitary. However, it is directly related to the S-matrix via〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥SSJ∥∥∥φ(Nl)nili likiLi〉 = δfi − 2pii√
kfki
〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉 (2.51)
which is both symmetric and unitary. Finally, we have that the relationship between
the T -matrix and the scattering amplitude is given by [118]〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥fSJ∥∥∥φ(Nl)nili likiLi〉 = 〈Lfkf lfφ(Nl)nf lf ∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉, (2.52)
in the case of elastic scattering or excitation. In the case of ionisation we have〈
Lfkf lfφ
(Nl)
nf lf
∥∥∥fSJ∥∥∥φ(Nl)nili likiLi〉 = 〈qf ∣∣∣φ(Nl)nf lf〉〈Lfkf lfφ(Nl)nf lf ∥∥∥T SJ∥∥∥φ(Nl)nili likiLi〉, (2.53)
where |qf〉 is the continuum eigenfunction of the target Hamiltonian with energy f .
In the case of a hydrogen target the |qf〉 are pure Coulomb waves. Do note that
with respect to the notation used for (e,2e) (as in Figure 2.1) we have kf = ka and
qf = kb.
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2.2.1 Convergence Considerations
Obtaining convergent results for T SJ , and consequently the calculated cross sections,
is achieved through including increasingly large angular momenta of target states
l, number of partial waves L, and of the Laguerre basis size Nl for each l. In
the CCC method all states included in the calculation are coupled to one another
(see Equation (2.44)), and as such each reaction channel is allocated ‘flux’ in a
manner that is affected by other channels. Convergence is achieved when adding
further states to the basis set (either by allowing greater l or increasing Nl) does not
cause any significant redistribution of this flux. Convergence with partial waves is
particularly straightforward as in such a formulation each partial wave is essentially
independent of one another and their combination involves a simple summation.
As such, if the cross section corresponding to the final partial waves included in
the calculation is negligible, then convergence with respect to this aspect has been
achieved. In practice the tests of convergence are generally conducted by visual
comparison of cross sections generated by various calculations involving different
discretisations or number of partial waves. This form of convergence analysis for the
electron impact ionisation calculations conducted as part of this work are presented
in Section 3.1.1.
Additionally, there are internal parameters that affect the numerics of the CCC
calculation. Such parameters include the maximum radial coordinate in the system
centred on the target nucleus, the various exponential fall off factors λl (see Equa-
tion (2.31)), and those which define k-grid integration points. As these parameters
have no physical significance and are purely features of the CCC numeric implemen-
tation results examining their effect will not be presented. However, it is interesting
to note that modification of these internal numeric features has led to a recently
developed alternative formulation [119, 120] that has proven beneficial when per-
forming calculations at an energy close to the threshold opening of reaction channels
[46]. This formulation has been utilised for the near threshold calculations required
in our photoemission study.
Born Subtraction
The technique of Born subtraction, first proposed by McCarthy and Stelbovics [121],
allows for a numerically efficient method of extrapolation to high partial waves
for which the first Born approximation becomes increasingly accurate. It involves
writing the T operator as
T = V +
Jmax∑
J=0
TJ − VJ (2.54)
where
V =
∞∑
J=0
VJ (2.55)
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and Jmax is a freely chosen parameter. Observe that this is essentially adding and
subtracting V from the usual definition for T where
T =
∞∑
J=0
TJ . (2.56)
However, in the implementation of (2.54) Jmax is chosen such that beyond this point
the first Born approximation is sufficiently accurate so that∑
J>Jmax
TJ − VJ ≈ 0 (2.57)
and hence for J > Jmax we have
TJ = VJ . (2.58)
The utility of this approach relies on the closed form solution for the potential
operator V [121], and this is used as the first term in (2.54). In doing this we can
choose the number of partial waves (effectively choosing Jmax) for which the full CCC
formulation applies and from this point onwards include an analytic tail accounting
for an arbitrary number of partial waves beyond this point under the first Born
approximation. This is particularly useful for problems involving a high incident
energy where convergence with L is slow. As such, we use this approach in our
field-free calculations for 1 keV electrons on helium (see Figure 3.3 and surrounding
text).
2.2.2 Treatment of Helium
The Hamiltonian describing a target helium atom may be expressed as
HT = H1 +H2 + V12 (2.59)
where the target electrons are denoted as 1 and 2, with
Hi = Ki + Vi (2.60)
= −12∇
2
i −
2
ri
(2.61)
for i = 1, 2 and
V12 =
1
|r1 − r2| (2.62)
is the electron-electron potential. If we reserve 0 to refer to the projectile space, we
have that the total Hamiltonian is given by
H = HT +H0 + V01 + V02, (2.63)
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where H0, V01, and V02 are defined as in (2.60) and (2.62) correspondingly. If we
separate this Hamiltonian into asymptotic (Ha) and short ranged terms (V ) we may
express it as the their sum
H = Ha + V (2.64)
where Ha is given by
Ha = K0 +HT (2.65)
and V by
V = V0 + V01 + V02. (2.66)
The definition of V S containing the appropriate symmetrisation for the two electrons
now becomes
V S = V − (−1)S(E −H)(P01 + P02) (2.67)
where Pij is the space exchange operator such that Pij|rirj〉 = |rjri〉. The target
helium states may be expressed as [116]
|Φn〉 =
∑
α,β
C
(n)
αβ |ϕαϕβ : pinlnsn〉 (2.68)
where C(n)αβ are configuration interaction (CI) coefficients, the |ϕ〉 are single electron
wavefunctions, and pin, ln, and sn are correspondingly the resulting total parity,
orbital angular momentum, and spin of the state. The CI coefficients satisfy,
C
(n)
αβ = (−1)lα+λβ−ln−snC(n)βα (2.69)
which ensures antisymmetry of the target states. The single electron wavefunctions
are given by
〈r|ϕα〉 = 1
r
φnαlα(r)Ylαmα(rˆ)ξ(σ) (2.70)
where mα is the z-component projection of lα, Ylαmα is a spherical harmonic, σ is the
value of spin (±1/2 in this case), and ξ(σ) is the corresponding spin eigenfunction.
Calculation of the V S matrix elements (via a Hartree-Fock approach) is considerably
more complicated than for that of hydrogen. A detailed treatment is given in Fursa
and Bray [116]. From this point however, the solution is independent of the target,
and we numerically solve (2.50) for the T -matrix elements and calculate the desired
ionisation cross sections via (2.22).
In cases where single electron processes are dominant, a considerably simpler
treatment of the target structure known as the frozen core model has been shown to
be sufficient [122]. It is called such as one of the target electrons is always described
by the He+ 1s orbital. For the single ionisation of helium, the problem we consider
within this work, such a treatment is adequate, and as such is utilised to minimise
computational resources and for greater speed of calculation.
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2.3 Laser Assisted Collisions
Up until now we have considered collision processes that comprise of a projectile, a
target, and in the case of ionisation, the ejected species. In the case of a laser assisted
collision we consider an additional component to the system, the photon field. This
introduces the following interactions to be considered within the treatment of the
problem; the projectile-field, the target-field, and if applicable, the ejected-field
interactions. Any theoretical description must adequately deal with these additional
complexities, by either explicitly accounting for them, or working under suitable
assumptions that allow their neglect. In this section we provide an introduction
into each of these interactions and then elaborate on a theoretical treatment known
as the soft photon approximation.
The photon field is characterised by the parameters of frequency ω, intensity I,
and polarisation vector . This polarisation of said field introduces a new physical
axis to the system (see Figure 2.2 for example). However, in many circumstances
considered, the primary influence of this field is through acting as an energy source
(sink) via providing a mechanism of absorbing (emitting) photons through the scat-
tering process. Hence, the equivalent laser assisted collision processes are often
denoted by the addition of the term nγ such as (nγe, 2e) representing
e− + A± nγ → 2e− + A+, (2.71)
where A represents some arbitrary neutral atom. Quantum mechanically, the expla-
nation for the possibility of both absorption and emission through the introduction
of the field is due to the Hermitian nature of the Hamiltonian, with the physical
mechanism for emission being bremsstrahlung radiation. The reason for this influ-
ence on the energetics being considered the primary influence is that depending on
the laser parameters it is often possible to neglect many of the other effects of the
field, whereas the absorption or emission characteristics are always present and have
a considerable impact on the behaviour of the system.
Let us now consider electron scattering on a helium atom in the presence of a
laser field. The total Hamiltonian may be expressed as [123]
H = HT +H0 +HF +H0−T +H0−F +HT−F, (2.72)
where each H is the partial Hamiltonian corresponding to the target (T), projectile
(0), field (F), or an interaction involving a combination of these. Firstly, we state
that we will work within the Coulomb gauge, which is defined such that the vector
potential A of the field satisfies ∇ · A = 0. Under this condition, and with the
additional fact that the field has no associated charge distribution, we have the
scalar potential of the field ϕ = 0. Hence, we need not include any additional
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potential in our Hamiltonian due to the field. The energy accrued by a free electron
in a linearly polarised electromagnetic field (ponderomotive energy) produces the
following Hamiltonian
HF =
F 20
4ω2 , (2.73)
where F0 is the maximum amplitude and ω is the frequency of the field. This energy
is typically very small compared to the other energetics involved in laser assisted
scattering and is often omitted in the literature. In this work, we will also omit this
term from this point onwards. The Hamiltonian of the projectile electron in the
presence of such an electromagnetic field (zero scalar potential) is given by
H0 +H0−F =
1
2
(
−i∇0 + 1
c
A
)2
, (2.74)
where the kinetic energy operator is K = p−qA/c [124], p = −i∇ is the momentum
operator, and q is the charge of the projectile (in this case −1). The Hamiltonian
of the projectile interaction with the target is given by
H0−T =
1
|r0 − r1| +
1
|r0 − r2| −
2
r0
(2.75)
where 1 and 2 denote the two bound electrons of the target helium. The Hamiltonian
of the target is given in a similar fashion to (2.74) as
HT +HT−F =
1
2
2∑
j=1
(
−i∇j + 1
c
A
)2
− 2
r1
− 2
r2
+ 1|r1 − r2| . (2.76)
Here it is assumed that the nuclear core does not gain any appreciable kinetic energy
due to the electromagnetic field. If we define a target potential term V12 as
V12 = − 2
r1
− 2
r2
+ 1|r1 − r2| (2.77)
and a projectile dependent term W012 as
W012 =
1
|r0 − r1| +
1
|r0 − r2| −
2
r0
(2.78)
we may express the total Hamiltonian as
H = 12
3∑
j=1
(
−i∇j + 1
c
A
)2
+ V12 +W012. (2.79)
It is clear that from this expression that a time dependence is introduced through
that of A and hence we look to solve the time dependent Schrödinger equation1
2
3∑
j=1
(
−i∇j + 1
c
A
)2
+ V12 +W012
 |Ψ(+)i 〉 = i∂|Ψ(+)i 〉∂t . (2.80)
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Via the transformation [74]
|Φ(+)i 〉 = exp
[
− i
c2
∫ t
A2(τ) dτ
]
|Ψ(+)i 〉 (2.81)
we now express (2.80) as
(
H ′0 +H ′T +W012
)
|Φ(+)i 〉 = i
∂|Φ(+)i 〉
∂t
, (2.82)
where
H ′0 = −
1
2∇
2
0 −
i
c
A · ∇0 (2.83)
and
H ′T =
2∑
j=1
(
−12∇
2
j −
i
c
A · ∇j
)
+ V12. (2.84)
In performing such a transformation we have used the definition of the Coulomb
gauge to eliminate terms containing ∇ ·A and additionally the second fundamental
theorem of calculus
F (t) =
∫ t
f(τ) dτ (2.85)
=⇒ ∂F
∂t
= f(t). (2.86)
Note that the lower bound of the integral in both (2.81) and (2.85) are left blank
as they are arbitrary (presuming they are independent of t). For asymptotic r0 we
have that W012 → 0, and as such our Schrödinger equation becomes separable such
that
lim
r0→∞
|Φ(+)i 〉 = |ξ0ξT〉, (2.87)
where
H ′0|ξ0〉 = i
∂|ξ0〉
∂t
(2.88)
and
H ′T|ξT〉 = i
∂|ξT〉
∂t
. (2.89)
Equation (2.88) has an exact solution [65]
〈t r0|ξ0〉 = (2pi)−3/2 exp (ik · r0) exp
− i2
∫ t (
k2 + 2
c
k ·A dτ
) , (2.90)
which is known as a Volkov state, whereas (2.89) has no known solution. It is here,
in the solution of (2.89), where we now introduce some approximations.
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2.3.1 Soft Photon Approximation
The soft photon approximation, that was first outlined by Kroll and Watson [65],
describes a set of assumptions under which the scattering of a charged particle in
the presence of a strong electromagnetic wave can be calculated using only field-
free cross sections. The same result was proved much more succinctly the following
year by Rahman [67]. Through the introduction of additional assumptions Cavaliere
et al. [74] showed that the same form of result holds for ionising collisions. In this
section we follow a similar argument to that given by Cavaliere in order to derive a
relation for the field-assisted ionisation cross section.
Firstly, we assume that the vector potential of the field takes the form
A = cF0
ω
cos(ωt), (2.91)
where c is the speed of light, F0 is the amplitude, and ω the frequency of the electric
field. Observe that this corresponds to a linearly polarised field. This allows us to
evaluate the integral in the description of projectile states (2.90) such that
〈t|ξ0〉 = |k0〉 exp
− i2
(
k2t+ 2
ω2
k · F0 sin(ωt)
) , (2.92)
where we have represented the unperturbed plane wave solution of the projectile
|k0〉. We now need to describe the bound initial state |ξTi〉 and the free final state
|ξTf〉 of the target which are solutions of (2.89). As an approximate solution, we
assume the frequency is sufficiently low compared to the internal electric field of the
atom such that the initial state is described purely by the unperturbed target states
|φi〉 with the standard time dependence introduced
〈t|ξTi〉 = |φi〉 exp {−iit} . (2.93)
For the final free state, the assumption is used that it can be given by the same
Coulomb wave solution as for the field-free ionisation of helium, with time modula-
tion identical to that of the projectile
〈t|ξTf〉 = |ϕ1kb〉 exp
− i2
(
k2b t+
2
ω2
kb · F0 sin(ωt)
) , (2.94)
where |ϕ1〉 is the ground state single electron wavefunction of helium (2.70) and |kb〉
is the Coulomb wave solution for the ejected electron. Using these results we have
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for the field-assisted first order T -matrix element
FAT 1stfi =
∫ +∞
−∞
〈ξ0fξTf |W012|ξTiξ0i〉 dt (2.95)
=
∫ +∞
−∞
exp
−i(i + k2i2 − k
2
a
2 −
k2b
2
)
t− i (ki − ka − kb) · F0 sin(ωt)
ω2
 dt
×〈k0fφf |W012|φik0i〉 (2.96)
=
∫ +∞
−∞
ei(Ef−Ei)t
∞∑
n=−∞
Jn
(
(kb − q) · F0
ω2
)
einωt dt× T 1stfi (2.97)
=
∞∑
n=−∞
Jn (αn) δ
(
Ef − Ei + nω
)
T 1stfi , (2.98)
where T 1stfi = 〈k0fφf |W012|φik0i〉 is the unperturbed T -matrix element in the first
Born approximation, q = ki − ka is the momentum transfer, Ei = i + k2i /2 and
Ef = (k2b + k2a)/2 are the initial and final energy of the scattering system, Jn is the
Bessel function of the first kind and
αn = (kb − q) · F0/ω2. (2.99)
Note that as absorption or emission of photons adjusts either kb or q there is an
implicit dependence on n in (2.99) and hence the subscript n is present. In going
from (2.96) to (2.97) we have employed the Jacobi-Anger expansion such that
eiz sin θ =
∞∑
n=−∞
Jn(z)einθ. (2.100)
Note that the above argument applies equally for each term in the Born series, and
as such holds for the complete T -matrix elements [67]. Continuing via (2.17) and
(2.22) we find
dσFA
dΩadΩbdEb
=
∞∑
n=−∞
J2n (αn)
dσ
dΩadΩbdEb
∣∣∣∣
Ef=Ei+nω
, (2.101)
where Eb = k2b/2. Note the equivalent expression for the free-free case derived by
Kroll and Watson [65] takes the similar form
dσ(n)
dΩ = J
2
n
(
q · F0/ω2
) dσ
dΩ
∣∣∣∣
Ef=Ei+nω
(2.102)
for a process involving n photons.
This is an incredibly powerful result, as the coupling between the scattering
system is entirely taken into account through the argument of the Bessel function
αn and the adjustment of the kinematics in an otherwise laser free scattering problem
by n photons of energy ω. Furthermore, this sum is likely convergent as we have
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the following property of squared Bessel functions [125]
∞∑
n=−∞
J2n(z) = 1, ∀n ∈ Z, z ∈ C, (2.103)
and that the cross sections themselves should not exhibit any divergent behaviour.
Do note that a requirement of (2.103) is that the argument of the Bessel function
is the same for each term in the sum whereas α has an implicit dependence on n
through kb and q which are adjusted as appropriate to satisfy the energy conservation
inherent in the adjustment of Ef in (2.101). Hence, we consider instead
∞∑
n=−∞
J2n(αn) ≈ 1. (2.104)
A similar sum rule has been extensively studied in the case of free-free transitions
(elastic scattering but with energy exchange with the laser field) [68, 69, 126] and
has been found to be valid in such cases. Furthermore, in the original Cavaliere et al.
[74] paper, as part of their application to the ionisation of hydrogen in the presence
of a strong laser field, they report that (2.104) is well satisfied, but nonetheless
comment that considerable further investigation is required. Our own findings with
regards to this sum rule in the case of helium are given in Section 3.1.2.
A consequence that is unique to the soft photon approximation for ionisation is
that Ef contains two mechanisms for distributing the photon energy, the projectile
final momentum ka, and the ejected electron momentum kb, and in the general case
it is unclear which term should be offset to calculate the physical field-assisted cross
section. If both electrons have appreciable energy, then adjusting either term is
equivalent, as the particles are indistinguishable. However, for the kinematics that
we are considering the ejected electron has a much lesser energy that the projectile
(1 keV compared to ∼ 10 eV). In this case it is the slow outgoing electron that has
its energy offset, as because of its low energy it is heavily influenced (in comparison
to the projectile) by the laser and resultant atomic fields. Additionally, an offset of a
few eV to the 1 keV projectile results in a negligible difference to the cross section as
at such a high energy no resonance effects due to atomic structure are present. This
would allow the cross section to instead be treated as a slowly varying function with
n and hence it may be taken outside the sum in (2.101). Then by (2.103) we would
have that the field-assisted cross section is exactly equal to the field-free. However,
the findings of the Höhr et al. [82] experiment with which we look to compare would
suggest this to be unphysical.
Range of Validity
The preceding derivation is subject to a number of approximations, some explicit and
others implicit, which are key to understanding the applicability of such a treatment.
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Firstly, it is interesting to note that in general the presence of the electromagnetic
field causes the centre of mass frame to no longer be truly inertial. Although, unless
the laser field is exceptionally strong this effect will be an exceedingly minor, and
as such oscillations due to this interaction can be ignored.
The description of the initial states of the target being purely the laser free
states completely neglects target dressing effects. This is only a reasonable assump-
tion when the electric field due to the laser is considerably smaller than the internal
atomic field (5 × 109 V/cm) and the photon energy is far from resonance with the
atomic energy levels. In the case of the laser parameters we look to consider, the
photon energy is ω = 1.17 eV and with a peak intensity of 4 × 1014 W/cm2. For
a linearly polarised electromagnetic wave of the form (2.91) with these properties,
we have a peak electrical field strength of F0 = 5.5 × 107 V/cm. Hence, this ap-
proximation is thought to be appropriate for this system. The use of a Volkov state
for the free electron in the laser field is an exact solution of (2.88) and as such is
a sufficient description of the projectile, contingent only on this Hamiltonian being
valid (do note that we have omitted the small ponderomotive energy term).
The next notable assumption is involved in the description of the free state of
the target after the collision. We have used the expression as in (2.94), which is a
combination of the Coulomb wave solution of the free electron and modulated in time
by the laser in the same manner as the incident plane wave. Such a form incorporates
the interaction of the ejected electron with both the resultant field of the ionised
target and electric field of the laser, and furthermore behaves appropriately in the
limit of F0 → 0, yet is not a direct solution of (2.89). In the original Cavaliere et al.
[74] paper they provide an analysis of this ansatz and conclude with the following
inequality for its validity
δ = pL
q
 1 (2.105)
where pL is the momentum of the ejected electron due to the presence of the laser
pL =
1
c
A (2.106)
= F0
ω
cos(ωt). (2.107)
For the kinematics of interest within this work we have the peak momentum due
to the laser being ≈ 0.25 a.u., and the momentum transfer of the collision ranging
from 0.5 to 1.0 a.u. Hence, for the system we consider the value of δ ≈ 0.25 to 0.5.
Do note that experimentally the soft photon approximation has been found to
be inadequate to describe free-free scattering events at small scattering angles (low
q) [71, 72]. Furthermore, the recent experiments of Höhr et al. [81, 82] cast doubt
onto its applicability to ionisation collisions as well.
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2.4 Photoemission
Interactions involving photons are often considered half-collisions with respect to
other types of collision problems. This is due to the lack of interaction between the
photon and target electrons until absorption occurs. Hence, although they are in
some ways simpler than the collision processes considered earlier in this work, they
require a specific treatment within CCC [127]. We wish to analyse the differences
in time delay (see Section 2.4.1) for the photoemission of the H− ion and He, and
as such we present theory relevant for two electron targets.
For a transition from the two electron ground state |Ψ0〉 to that of an unbound
photoelectron |kL〉 and target in the single electron state |nl〉, the total photoemis-
sion amplitude (for light linearly polarised in the z direction) is given by
fph(k) = (2pi)3/2k−1/2
∑
L=li±1
M=mi
eiδL(k)i−LYLM(kˆ)
 L 1 li
M 0 mi
 〈Lkln‖D‖Ψ0〉 ,
(2.108)
where 〈Lkln‖D‖Ψ0〉 is the dipole matrix element stripped of all its angular mo-
mentum projections via a partial wave expansion (subsequently referred to as the
reduced dipole matrix element), YLM(kˆ) is a spherical harmonic, δL(k) is the phase
shift associated with the L partial wave, and |Ψ0〉 (for either H− or He) in our case
is calculated with a 20-term Hylleraas expansion as in Kheifets and Bray [127]. The
target electron which absorbs the photon is described in its initial state by the quan-
tum numbers ni, and li as per their usual definitions. The z-component of angular
momentum m, is omitted from the state descriptions as it is eliminated through
spherical symmetry. However, it does need to be explicitly considered when project-
ing to return angular dependencies (as in (2.47) and (2.108)). Do note the change
in notational convention away from i → f centric notation to that which is more
commonly used for elastic scattering and photoionisation, where final quantities are
instead given no subscript. The cross section corresponding to this transition is
given by
σnili→kL(ω) =
4pi2
3 αω
∣∣∣〈Lkln‖D‖Ψ0〉∣∣∣2 (2.109)
where α is the fine structure constant and ω is the energy of the photon. Within
the CCC formulation the reduced dipole matrix element is calculated via [128]
〈Lkln‖D‖Ψ0〉 = 〈Lk ln‖d‖Ψ0〉
+
∑
ljnj
∑
L′
∑∫
k′
〈
Lk ln
∥∥∥T SJ∥∥∥njlj k′L′〉
E + i0− j − k′2/2 〈L
′k′ ljnj‖d‖Ψ0〉 , (2.110)
Theory 35
where 〈Lkln‖d‖Ψ0〉 is the uncorrelated dipole matrix element. It is called such as
it does not yet include the effect of electron-electron correlations. This element
can be calculated within three different gauges known as the length, velocity, and
acceleration forms. However, this choice is arbitrary as they are each equivalent.
In the calculations that follow the velocity gauge is used. The T SJ term is the
half off-shell T -matrix as calculated in the solution of (2.46) for the associated
photon free scattering process. For example, for the photodetachment of the H−
ion the corresponding photon free scattering process is elastic electron scattering
on hydrogen in the dipole singlet channel (L = 1, S = 0), with an incident energy
corresponding to that of the emitted photoelectron. Both processes result in an
outgoing electron of the same energy and angular momentum, and the target as a
ground state hydrogen atom, but the photodetachment process only contains ‘half’
the collision. Note that the absorption of the photon imparts a unit of angular
momentum to the electron and hence is the cause of the non-zero L for the equivalent
elastic scattering channel. Similarly for the photoionisation of helium, the associated
photon free scattering process of which the half off-shell T -matrix is needed is elastic
scattering on the He+ ion, again in the dipole singlet channel. To illustrate the
connection between these processes we provide the schematic diagrams of Figure 2.6.
Furthermore, a graphical illustration of the physical meaning of the two terms in
(2.110) is given in Figure 2.7.
Photoemission of a two electron target
Ψ0
n = 0, l = 0
, l = 0
k, L = 1
Associated elastic scattering event
n = 0, l = 0 n = 0, l = 0
k, L = 1 k, L = 1
Figure 2.6: Schematic diagrams depicting the single photoemission of a two electron
target (top) and the associated elastic scattering event (bottom). The solid lines represent
electrons, and the undulatory line a photon. The upper diagram demonstrates the two
electron ground state Ψ0 with an electron of binding energy  absorbing a photon and
transitioning to an unbound state of momentum k and orbital angular momentum L = 1.
The lower diagram demonstrates elastic scattering of an L = 1 electron with momentum
k incident on a single electron target in the ground state.
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Ψ0
n, l
k, L
+
Ψ0
nj, lj
k′, l′
n, l
k, L
T SJ
Figure 2.7: Graphical representation of the two-electron photoionisation amplitude in
the CCC formalism. The first diagram represents the diving term and the second, the off-
shell coupling term. Here a solid line represents an electron, an undulatory line a photon,
and the shaded oval the half off-shell T -matrix.
2.4.1 Wigner Time Delay
The Wigner time delay [91, 129] (henceforth referred to as simply time delay) is a
measure of the difference between the time taken for a particle to travel through a
potential landscape in comparison to free space. It is defined in terms of the energy
derivative of the scattering phase in a given partial wave. To justify this definition we
consider the derivation for the delay in the formation of a photoelectron wavepacket
emitted from an atomic target upon interaction with an extreme ultraviolet laser
(XUV) pulse as given by Kheifets and Ivanov [130]. See Appendix B.3 for a simplified
introduction to the concept of a scattering time delay as given in the review of
de Carvalho and Nussenzveig [131]. For this system the time dependent Schrödinger
equation can be written as
i
∂ |Ψ(t)〉
∂t
= (H0 +Hint)|Ψ(t)〉 (2.111)
where H0 is the Hamiltonian of the atomic target and Hint is that of the interaction
with the laser field which is given in the velocity gauge as
Hint = A(t) ·
n∑
j=1
kj. (2.112)
Here A(t) is the vector potential of the laser field and kj is the momentum of the
j-th electron of total number n. The wavepacket of the emitted photoelectron is
given as an expansion of the time dependent wavefunction over the set of scattering
states such that
〈r|Φ(t)〉 = ∑
L
∫ ∞
0
dk k2〈r|k〉〈k|Ψ(t)〉 (2.113)
=
∑
L
∫ ∞
0
dk k2akL(t)〈r|k〉e−iEkt (2.114)
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where the photoelectron in the continuum is written as |k〉 with linear k and orbital
angular momentum L, and have defined the projection coefficients
akL(t) = eiEkt〈k|Ψ(t)〉 (2.115)
with Ek = k2/2. This continuum state is given by
〈r|k〉 = RkL(r)YLm(rˆ) (2.116)
where for asymptotically large distances we have
lim
r→∞RkL(r) ∝ sin
[
kr + δL(k) + ln(2kr)/k − Lpi/2] (2.117)
with δL(k) being the phase shift in the L-th partial wave. If we define a time T
such that for |t| > T the XUV field is zero, we have that for t > T the projection
coefficients no longer depend on time. Hence, for such times we can write
akL(t > T ) = −i
∫ T
−T
〈k|z|Ψ0〉ei(Ek−E0)t′F (t′) dt′ (2.118)
where Ψ0 is the ground state of the target with energy E0, F (t′) is the electric
field of the XUV laser pulse, and 〈k|z|Ψ0〉 is the angularly dependent dipole matrix
element which is related to the reduced uncorrelated element via Clebsch-Gordan
coefficients such that
〈k|z|Ψ0〉 ∝ CLM10limi〈Lk‖d‖Ψ0〉. (2.119)
Here we have assumed that the ejected electron was initially in the ground state
(l = 1 and m = 0) and have denoted another bound electron in the initial state as
having orbital angular momentum li and corresponding z-projection mi. With this
definition we can now write
akL(t > T ) ∝ −i〈Lk‖d‖Ψ0〉F˜ (Ek − E0) (2.120)
where
F˜ (ω) =
∫ ∞
−∞
F (t′)eiωt′dt′ (2.121)
is the Fourier transform of the XUV electric field. Note that we have been able
to extend the integration limits in (2.118) to infinity as for t > T the electric field
F (t) = 0 by definition. Therefore, we may now express the wavepacket for time
t > T and at an asymptotically large distance from the atomic target as
lim
r→∞〈r|Φ(t > T )〉 ∝ −i
∑
L
∫ ∞
0
dk k2〈Lk‖d‖Ψ0〉F˜ (Ek − E0)YLm(rˆ)e−iEkt
× sin [kr + δL(k) + ln(2kr)/k − Lpi/2] . (2.122)
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If we now consider the sine term as a superposition of incoming and outgoing waves
via
sin(z) = e
iz − e−iz
2i (2.123)
and keep only the physically meaningful outgoing exponent we may instead write
lim
r→∞〈r|Φ(t > T )〉 ∝ −
1
2
∑
L
∫ ∞
0
dk k2〈Lk‖d‖Ψ0〉F˜ (Ek − E0)YLm(rˆ)
× exp
[
i
(
−k2/2t+ kr + δL(k) + ln(2kr)/k − Lpi/2
)]
. (2.124)
Now we look to find how the peak of this packet moves with time in order to define
a concept of time delay. Firstly, let us assume that for some k = k0 the magnitude
(terms not in the complex exponential) of the packet is at a maximum. Importantly
each term in (2.124) is entirely real valued such that it can be unambiguously split
into a magnitude and complex exponential phase. Considering (2.124) as a super-
position of monochromatic waves (summed over k) for each L, we discern that large
variation of phase will cause mainly destructive interference. Hence, the largest am-
plitude will occur when the maximum magnitude corresponds to a stationary point
of the phase, such that for a given L
0 = ddk
[
arg
(
lim
r→∞〈r|Φ(t > T )〉
)] ∣∣∣∣∣
k=k0
(2.125)
= ddk
[
−k2/2t+ kr + δL(k) + ln(2kr)/k − Lpi/2
] ∣∣∣∣∣
k=k0
(2.126)
=⇒ r = k
{
t− ddE
[
δL(k) + ln(2kr)/k
]} ∣∣∣∣∣
k=k0
. (2.127)
Here we have used that d/dk = k d/dE. We may interpret (2.127) as describing the
quasi-classical motion of this wavepacket for an asymptotic distance and t > T . If we
now consider the logarithm term to be sufficiently slowly varying with k (equivalently
E) such that it can absorbed into a constant, namely r0, we may write (2.127) as
r = k0(t− τL) + r0 (2.128)
where
τL =
dδL(k)
dE
∣∣∣∣
k=k0
. (2.129)
is the time delay of the packet in the L-th partial wave.
To determine this time delay within the CCC formalism we extract the phase
shift from the elastic S-matrix element via the definition
〈Lkln‖SSJ‖nlkL〉 = 1− 2piik〈Lkln‖T SJ‖nlkL〉 (2.130)
= exp
{
2iδL(k)
}
. (2.131)
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Hence, we have
δL(k) =
1
2arg
(
〈Lkln‖SSJ‖nlkL〉
)
. (2.132)
However, there are two further considerations to make when employing such a def-
inition of the time delay for this work. Firstly, in the case of elastic scattering on
a charged targets for the ease of calculation a basis of Coulomb waves are used as
opposed to the usual plane waves. These are continuous solutions to the Schrödinger
equation at an asymptotic distance in the presence of long ranged Coulomb poten-
tial. In doing so, it removes the associated Coulomb phase (σL) from being part
of the scattering event and is hence not included in the phase of the S-matrix. As
such, for the total phase in a partial wave it must be added to the phase resulting
from the scattering S-matrix. Hence, we define the elastic scattering time delay as
τ elL =
d
dE
[
σL(k) +
1
2arg
(
〈Lkln‖SSJ‖nlkL〉
)] ∣∣∣∣∣
k=k0
. (2.133)
In the case of scattering on a neutral target the same definition is used with simply
σL(k) set to zero. Secondly, if instead we take into account the effect of electron-
electron correlations and replace the uncorrelated dipole matrix element 〈Lk‖d‖Ψ0〉
in (2.124) with the reduced dipole matrix element 〈Lk‖D‖Ψ0〉 calculated via (2.110),
(2.124) now contains an additional complex component. To accommodate for this
we split this matrix element into a real magnitude and complex phase via
〈Lk‖D‖Ψ0〉 = |〈Lk‖D‖Ψ0〉| exp
{
i arg
(〈Lk‖D‖Ψ0〉)} . (2.134)
The additional contribution to the phase results in the equivalent expression for the
quasi-classical trajectory within partial wave L as
r = k
{
t− ddE
[
δL(k) + ln(2kr)/k + arg
(〈Lk‖D‖Ψ0〉)]
} ∣∣∣∣∣
k=k0
, (2.135)
and correspondingly the expression for the photoemission time delay becomes
τphL =
d
dE
(
δL(k) + arg
(〈Lk‖D‖Ψ0〉)) ∣∣∣∣
k=k0
. (2.136)
If instead we are interested in delay associated with the total photoemission process
we use the amplitude (2.108) to define the total photoemission time delay as
τphtot =
d
dE
[
arg
(
fph(k)
)] ∣∣∣∣∣
k=k0
. (2.137)
It is this form of photoemission time delay which is to be compared with that of the
associated elastic scattering event in the dipole singlet channel.
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Chapter 3
Results
In this chapter we present the results of our analysis of laser assisted electron impact
ionisation (e,2e) of helium utilising the CCC method under the soft photon approx-
imation (Section 3.1), and the Wigner time delay in the photoemission of H− and
photoionisation of He (Section 3.2).
3.1 Laser Assisted Electron Impact Ionisation of
Helium
In this section we investigate the electron impact ionisation of helium in the presence
of a strong laser field for parameters identical to that given in Höhr et al. [82]. These
parameters are listed in Table 3.1. Note that for the extent of this work, we consider
the target helium as a single electron system via the frozen-core model as described
in Section 2.2.2. As such, each target state needs to be described only by the set
of quantum numbers of the ‘active’ electron, as the other is always considered to
be in the 1s orbital. As the data provided by Höhr et al. [82] is given over a range
of ejected electron energies and momentum transfer we choose for comparison an
ejected electron energy of 10 eV and momentum transfer of 0.5, 0.75 and 1.0 a.u.
Using these values of momentum transfer, we can make a comparison with the data
Table 3.1: Experimental parameters as per Höhr et al. [82].
Quantity Value
Incident electron energy 1 keV
Ejected electron energy 3 - 18 eV
Momentum transfer 0.5 - 1.5 a.u.
Laser polarisation x-direction (see Figure 2.2)
Photon energy 1.17 eV
Peak intensity 4× 1014 W/cm2
Pulse duration 7 ns
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provided by Höhr et al. in their figure for momentum transfers of 0.7 - 1.0 a.u. and
ejected electron energies of 7 - 12 eV. Additionally, experimental data provided by
Dürr et al. [132] is available for these parameters allowing us to make a comparison
with our field-free calculations (see Figure 3.7).
3.1.1 Field-Free Calculations
We firstly look to establish convergent results for electron impact ionisation for the
laser free parameters given in Table 3.1. In the CCC method there are three factors
pertaining to convergence (see Section 2.2.1): the number of partial waves (L), the
values of angular momentum included in the description of the target states (l),
and the size of the Laguerre basis for each set of these states (Nl). Each of the
above factors are independently convergent, such that they may each be checked
individually.
To obtain an indication of the number of partial waves required, a useful ap-
proach is to consider the total ionisation cross section (TICS) as a function of partial
wave. As a result of the optical theorem (see Equation (2.21)) each cross section
is inherently linked with one another, and hence convergence of one quantity (i.e.
TICS) is a good indicator of convergence elsewhere. For the initial calculations
used in analysing convergence with partial waves, states with l ≤ 4 (s - g states)
were included each with a corresponding Laguerre basis size of Nl = 15 − l. Ad-
ditionally, only singlet states (total spin S = 0) are included in the calculations
as at an incident energy of 1 keV there is no mechanism for exchange. This form
of allocating basis size for each l is commonly used as it removes the complexity
of having to specify a basis size for each l. Furthermore, such a form models the
behaviour of bound states such that for each l there is the same highest principle
quantum number (n). For example, if we want to consider the first 5 bound states
(n ≤ 4) for l ≤ 3 there are n = 1 - 5 s-states, n = 2 - 5 p-states, n = 3 - 5 d-states,
and n = 4 - 5 f-states. The energy eigenstates generated by this diagonalisation
are given in Figure 3.1. Observe that the bound states are sparsely approximated
in comparison to the positive energy free pseudostates. For our purposes this is a
desirable diagonalisation as we are interested in ionising cross sections as opposed to
excitation, and this dense distribution allows greater accuracy in interpolating from
the positive energy discrete pseudostates within CCC onto the true continuum.
The TICS as a function of partial wave for the calculational parameters as given
above, is presented in Figure 3.2. From which, it is clear that convergence is very
slow with L as is typical for such a high incident energy. As such, we employ the
method of Born subtraction described in Section 2.2.1. This effectively assumes
that beyond the final partial wave in the calculation the Born approximation is
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Figure 3.1: Energy levels of states generated from a Laguerre basis expansion of Nl =
15− l with λl = 2.0. This diagonalisation is that which is used in the initial convergence
investigation with L.
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Figure 3.2: The total ionisation cross section (TICS) as a function of partial wave L for
1 keV electrons incident on helium as calculated by CCC.
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valid, and adds the corresponding analytic tail under this approximation. Figure 3.3
contains the triply differential cross section (TDCS) generated from a calculation
with and without Born subtraction that are otherwise identical. The large difference
between the two results is indicative of the significant contribution from high partial
waves (large L). The Born approximation is most appropriate when the strength
of interaction is particularly weak, which is well satisfied at such a high incident
energy. In this range, first order Born calculations typically produce results that
are slightly larger than those of CCC but are otherwise the same. Furthermore, this
approximation becomes increasingly valid with larger L. The physical analogue of
the partial wave L is the impact parameter of the scattering event. Hence, a larger L
corresponds to a larger ‘distance’ between the projectile and target and subsequently
the interaction is weaker. Note that all results presented from this point onwards
include Born subtraction.
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Figure 3.3: The triply differential cross section (TDCS) with (blue) and without (red)
Born subtraction for 1 keV electrons incident on helium within an asymmetric coplanar
geometry of scattering angle φa = 5◦ (q = 0.756 a.u.) and ejected electron energy Eb = 10
eV. Both calculations are comprised of 41 partial waves (L ≤ 40) and contain states with
l ≤ 4 of corresponding Laguerre basis size Nl = 15− l.
Figure 3.4 demonstrates convergence with L by comparing calculations with L ≤
40, 50, and 75. Observe that the L ≤ 40 calculation only exhibits subtle differences
when compared to the 50 and 75, which themselves are indistinguishable at the
precision inherent in the figure. As such, in subsequent calculations 51 partial waves
(L ≤ 50) are used.
Now that we have determined an appropriate number of partial waves, we look
to the l of target states. Figure 3.5 demonstrates the behaviour of CCC calculations
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Figure 3.4: The triply differential cross section (TDCS) as calculated by CCC with
L ≤ 40, 50, and 75 for 1 keV electrons incident on helium within an asymmetric coplanar
geometry of scattering angle φa = 5◦ (q = 0.756 a.u.) and ejected electron energy Eb = 10
eV. These calculations contain states of l ≤ 4 each with a corresponding Laguerre basis of
size Nl = 15− l.
for including states of increasing l. There is a noticeable difference across both the
binary and recoil peaks between the l ≤ 3 and other results. The l ≤ 4 result is in
agreement across the binary peak but exhibits some discrepancy across the recoil
peak compared to the l ≤ 5 and 6. Finally, the l ≤ 5 is effectively identical to the
l ≤ 6 calculation and is thus considered to be converged for this value. Hence, for
subsequent calculations states containing l ≤ 5 are used.
Now that we have determined both the number of partial waves, and the largest
value of l to include of the target states, we look to the size of Laguerre basis (Nl)
for each value of l. We use the form of distributing states Nl = N0 − l for the
reasons discussed earlier in this section. With this definition, we only must check
convergence with the choice of N0, this being demonstrated in Figure 3.6. Observe
there is only minor variation with increasing N0. The only noticeable difference
occurs across the binary peak where the N0 = 10 is lower than that predicted by the
larger calculations. This is true to an even lesser extent for the N0 = 15 calculation
across this same peak. However, between the two largest calculations, the N0 = 20
and 25, there is no discernible difference at this precision. This observation leads us
to conclude that convergence has been achieved for a value ofN0 = 20. Subsequently,
for a basis of the form Nl = N0− l, the value of N0 to be used in further calculations
is 20.
The final and ultimate check of convergence to physically relevant values is of
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Figure 3.5: The triply differential cross section (TDCS) as calculated by CCC with l ≤ 3,
4, 5, and 6 for 1 keV electrons incident on helium within an asymmetric coplanar geometry
of scattering angle φa = 5◦ (q = 0.756 a.u.) and ejected electron energy Eb = 10 eV. These
calculations contain 51 partial waves (L ≤ 50) with Laguerre bases of size Nl = 15− l.
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Figure 3.6: The triply differential cross section (TDCS) as calculated by CCC with
Laguerre basis size of the form Nl = N0 − l with N0 = 10, 15, 20, and 25 for 1 keV
electrons incident on helium within an asymmetric coplanar geometry of scattering angle
φa = 5◦ (q = 0.756 a.u.) and ejected electron energy Eb = 10 eV. These calculations
contain 51 partial waves (L ≤ 50) and states with l ≤ 5.
Results 47
0.0
0.4
0.8
1.2
1.6
2.0
2.4
2.8
3.2
T
D
C
S
(a
.u
.)
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
T
D
C
S
(a
.u
.)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
-180 -150 -120 -90 -60 -30 0 30 60 90 120 150 180
T
D
C
S
(a
.u
.)
φb (Degrees)
q = 0.5 a.u.
CCC
Dürr et. al. 2008
q = 0.75 a.u.
CCC
Dürr et. al. 2008
q = 1.0 a.u.
CCC
Dürr et. al. 2008
Figure 3.7: The triply differential cross section (TDCS) as calculated by CCC in com-
parison with experiment [132] for a momentum transfer of q = 0.5, 0.75, and 1.0 a.u. of
1 keV electrons incident on helium and an ejected electron energy of Eb = 10 eV within
an asymmetric coplanar geometry. These calculations contain 51 partial waves (L ≤ 50),
states with l ≤ 5, and a corresponding Laguerre basis size Nl = 20− l.
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course comparison with experiment. In Figure 3.7 we present a comparison with
the experimental values given by Dürr et al. [132] with the CCC calculations of
parameters determined above (L ≤ 50, l ≤ 5, and N0 = 20) for three values of
momentum transfer; q = 0.5, 0.75, and 1.0 a.u. Cross sections of such forms are
typical where there is a dominant binary peak in the direction of q and a smaller
recoil peak in the direction of −q, with their ratio increasingly favouring the binary
peak for larger momentum transfer. The strong dependence of the overall magnitude
of the cross sections with momentum transfer is indicative of the high incident
energy projectile having a relatively low probability to interact strongly with the
target, resulting in a significant deflection. The experiment is generally in good
agreement with the calculations and is hence indicative of their convergence to that
of the physical system. The most notable discrepancy is across the main binary
peak where the calculation is slightly higher than the measured values. This was
also found in the comparison with CCC made in the original paper [132], and as such
is not indicative that the results are not yet convergent. From these observations
we conclude that our field-free calculations are now of a sufficient accuracy to move
forward to the field-assisted case.
3.1.2 Field-Assisted Calculations
Ultimately we wish to evaluate
dσFA
dΩadΩbdEb
=
∞∑
n=−∞
J2n (αn)
dσ
dΩadΩbdEb
∣∣∣∣
Ef=Ei+nω
, (2.101)
and provide a comparison with the results of Höhr et al. [82]. The behaviour of the
field-free cross section should not present any wild variation with n (see Figure 3.9),
and as such we firstly examine the sum rule
∞∑
n=−∞
J2n(αn) ≈ 1 (2.104)
which provides a useful first indication of the number of terms that are likely required
to achieve convergence in (2.101). For the geometries in the experiment by Höhr
et al. [82] (see Figure 2.2) αn, as defined in (2.99), is given by
αn = (kb sinφb − ka sinφa)F0/ω2. (3.1)
Recall that the n dependence comes from the adjustment of kb or ka to satisfy energy
conservation as discussed in Section 2.3.1. Note that αn could equally be defined as
−αn depending on the sign of F0. However, this choice is arbitrary (as it should be)
as we have the following property of Bessel functions [125]
J2n(z) = J2n(−z), ∀n ∈ Z, z ∈ C. (3.2)
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Figure 3.8 demonstrates the results of our convergence study of (2.104) for the
kinematics described in Table 3.1. For each value of αn the ejected electron energy
Eb was adjusted by nω with the exception for sufficiently large negative values of
n such that further quanta of photon energies would cause it to become negative.
In this case, the further energy was removed from ka. The ejected electron energy
is adjusted preferentially for this system by the argument outlined in Section 2.3.1
and Eb is prevented from having negative values as the associated (e,2e) process is
entirely unphysical. Observe that convergence is achieved in each case at a value
of |n| ≤ 16 to a sinusoidal function of φb about unity. A notable feature present
in each case is that convergence is slowest across the angles corresponding to the
binary peak (direction of q) that is visible in the (e,2e) cross sections (see Figure 3.7).
Though each Bessel function individually varies considerably, their sum compensates
for these variations, producing a smooth and comparatively slowly varying function
of φb. It is interesting to note that the dependence of the argument with n in this
case preserves a sinusoidal behaviour with φb rather than being identically one as
in (2.103). Regardless, the sum is clearly convergent and hence suggests that for a
similar number of terms (2.101) will likewise be convergent.
Now we examine the behaviour of the (e,2e) ionisation cross section as a function
of n (equivalently Eb) to obtain further insight into the convergence of (2.101).
Figure 3.9 contains the results of calculations corresponding to n = −8, 0, and 8,
with calculational parameters as determined in Section 3.1.1, for the three values
of momentum transfer we are considering. Observe that over this large range of
ejected projectile energies the magnitudes of the calculated cross sections do not
vary considerably, providing yet further evidence suggesting that (2.101) should
be convergent for the kinematics we consider. An interesting feature is that the
recoil peak is considerably more pronounced for the lower ejected electron energy.
This is indicative that when low amounts of energy are transferred to the ejected
electron that being ejected in the −q direction and the residual ion being given
2q is a relatively more common process compared to a standard binary collision.
Additionally, although the lower momentum transfer processes are the most likely,
for a given momentum transfer the ejected electron energy which corresponds to the
largest cross section varies. This is likely due the changing ratio of the energy of
the ejected electron compared to the energy associated with the momentum transfer
itself (q2/2). In the case of large negative values of n where further energy is removed
from ka, the cross section is changed negligibly as the incident energy of 1 keV is
sufficiently high such that removal of a few eV makes no significant difference to
the scattering problem. Hence, for the terms that require modification of ka the
appropriate unadjusted cross section (Eb is significantly lowered but importantly
still positive) is used.
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Figure 3.8: The sum of squared Bessel functions as in (2.104) for |n| ≤ 0, 3, 8, 12, and
16 of momentum transfers q = 0.5, 0.75, and 1.0 a.u. αn (2.99) is calculated by modifying
the ejected electron energy by nω with the exception for sufficiently large negative values
of n such that further quanta of photon energies would cause it to become negative. For
this case, further energy was removed from ka (see text).
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Figure 3.9: The triply differential cross section (TDCS) as calculated by CCC for a
momentum transfer of q = 0.5, 0.75, and 1.0 a.u. of 1 keV electrons incident on helium
and an ejected electron energy of Eb = 0.67, 10.0, and 19.36 eV within an asymmetric
coplanar geometry, as used in the soft photon approximation sum (2.101) for the terms
n = −8, 0, and 8 respectively.
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We are now in a position to evaluate the field-assisted cross section via the soft
photon approximation (2.101). The results of our convergence study of (2.101) are
given in Figure 3.10. Observe that in each case although the initial term is rather
unrecognisable, including as few terms as in the n ≤ |3| results the expected double
peak structure is again visible. With this many terms the recoil peak has already
reached its converged value, whereas the main binary peak requires considerably
more terms to do the same. The observation that large values of |n| provide a sig-
nificant contribution to the field-assisted cross section suggests that for this physical
system multi-photon processes are prevalent, particularly for those scattering events
with the electron ejected in the q direction. Note that these results indicate that
convergence is slower with increasing momentum transfer, as was similarly found
for the sum of the Bessel functions alone (see Figure 3.8). In the case of q = 0.5
a.u. convergence across the entire range of φb has occurred for |n| ≤ 12 whereas for
both the q = 0.75 and 1.0 a.u. this has occurred for |n| ≤ 16. Considering that
for all three parameters we have convergence below |n| ≤ 18 and that no additional
calculation is necessary from this point onwards, we use the |n| ≤ 18 results in
subsequent comparisons.
The converged results of the soft photon calculation in comparison to the field-
free cross section as calculated by CCC are given in Figure 3.11. In all three cases
there is a prominent diminution across the binary peak with little to no difference
elsewhere. Otherwise, the forms of each laser assisted cross section retain the familiar
form of the binary and recoil peaks. The influence of the laser is more clearly seen
in Figure 3.12 which contains the difference between the field-assisted (FA) and
field-free (FF) TDCS normalised to the binary peak height in comparison with the
experimental results of Höhr et al. [82]. These experimental values are originally on
an arbitrary scale but have been scaled to fit their theory in their paper [82]. Here
they have likewise been normalised to the magnitude of the binary peak. Given that
the experimental results are given over a range of momentum transfers, q = 0.7 to
1.0 a.u., and ejected electron energies, Eb = 7 to 12 eV, our calculations with Eb = 10
eV and q = 0.5, 0.75, 1.0 a.u. respectively should provide an appropriate comparison
for this data set. Across the binary peak we see that the q = 0.5 a.u. calculation has
the smallest predicted relative decrease compared to those of the q = 0.75 and 1.0
a.u. There is a further decrease between the q = 0.75 and 1.0 a.u. but less so than
before, suggesting that this effect decreases with increasing momentum transfer.
The other region of interest occurs across the recoil peak, although the magnitude
of the laser’s influence is considerably lesser. Here we find that the q = 0.5 a.u.
suggests a small decrease but for the q = 0.75 a.u., an increase, and for the q = 1.0
a.u., a yet smaller increase. This appears to be the inverse behaviour as exhibited
across the binary peak but on a considerably smaller scale.
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Figure 3.10: The sum of field-free triply differential cross sections weighted by squared
Bessel functions as in the soft photon approximation for the field-assisted cross section
(2.101) of momentum transfer q = 0.5, 1.0, and 1.0 a.u., and including terms with |n| ≤ 0,
3, 6, 12, 16, and 18.
54 § 3.1 Laser Assisted Electron Impact Ionisation of Helium
0.0
0.4
0.8
1.2
1.6
2.0
2.4
2.8
3.2
T
D
C
S
(a
.u
.)
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
T
D
C
S
(a
.u
.)
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
-180 -150 -120 -90 -60 -30 0 30 60 90 120 150 180
T
D
C
S
(a
.u
.)
φb (Degrees)
q = 0.5 a.u.
Field-Free
Field-Assisted
q = 0.75 a.u.
Field-Free
Field-Assisted
q = 1.0 a.u.
Field-Free
Field-Assisted
Figure 3.11: The field-free triply differential cross section (TDCS) as calculated by CCC
and the field-assisted cross section as a result of our soft photon approximation calculations
for a momentum transfer of q = 0.5, 0.75, and 1.0 a.u. of 1 keV electrons incident on helium
and an ejected electron energy of Eb = 10.0 eV within an asymmetric coplanar geometry.
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Figure 3.12: The normalised difference of the field-assisted (FA) and field-free (FF)
TDCS of 1 keV electrons incident on helium as calculated by CCC within the soft photon
approximation for momentum transfers q = 0.5, 0.75, and 1.0 a.u. with an ejected electron
energy of Eb = 10 eV in comparison with the experimental results of Höhr et al. [82] for
momentum transfers of q = 0.7− 1.0 a.u. and ejected electron energies of Eb = 7− 12 eV
within an asymmetric coplanar geometry. Each data set is normalised to their respective
binary peak magnitude for comparison with one another. The experimental data is of
arbitrary magnitude and scaled to fit the theory presented in the original paper [82]. Here
it is likewise normalised to its binary peak magnitude. The black dashed horizontal line
across a difference of zero is to aid in discerning enhancement from diminution.
The most striking result however, is that the results of each calculation predict
the opposite effect across the binary peak as that of the experiment. In this region
despite large uncertainties in the presented data there is a strong indication that
the presence of the laser is causing an enhancement of the cross section whereas the
calculation instead suggests diminution. This is identically the result of the theory
presented within their paper [82] for each set of parameters considered and which
led them to conclude that the existing theory is lacking a fundamental aspect of
the physics. From our results we deduce that the area lacking in the description
does not appear to be in the description of the field-free scattering as the cross
sections calculated via CCC solve for this interaction to all orders. In many ways
this is not a particular surprise as at such a high incident incident energy the Born
approximation is typically found to be quite successful, and this was used as the
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basis for the field-free calculations within the original paper [82]. Additionally, in
the earlier theoretical work of Khalil et al. [80] they state that including second order
Born corrections is likely to produce a lesser effect than the approximations made in
the description of the laser interaction. Essentially this is what we have confirmed
however for instead including the effect of the entire Born series. Hence, we conclude
that to reconcile this discrepancy a more nuanced description of the laser’s influence
upon the system is required and not in that of the field-free scattering. This is likely
most necessary for the slow ejected electron of which is most heavily influenced.
Finally, it is worth stating that the precision of the experimental measurements is
unfortunately too coarse for a sensible comparison to be made with the behaviours
across the recoil peak. If anything, the experiment suggests a small magnitude
increase which is in better agreement with the larger q calculations.
3.2 Wigner Time Delay of H− and He
In this section we investigate the photoemission time delay (2.137) for the photode-
tachment of H− in comparison to the photoionisation of He. Additionally, we com-
pare this delay to the elastic scattering time delay (2.133) of the associated photon
free processes, this being elastic scattering on H and He+ respectively in the dipole
singlet channel. Particular attention is given to the behaviours across the n = 2
threshold for the H− ion at 10.2 eV (3/4 Ry) where the difference between these
two time delays becomes significant due to the different first order inter-electron
couplings.
The CCC calculation for both targets included a Laguerre basis size allocated for
each l of the form Nl = N0 − l. The H− calculation (equivalently elastic scattering
on H) included states with l ≤ 2 and N0 = 20. The He calculation (equivalently
elastic scattering on He+) included states with l ≤ 3 and N0 = 15. These values
were determined for convergence in a similar manner to that demonstrated in Sec-
tion 3.1.1. Do note that the incident energies considered here (0.01 - 100 eV) are
considerably lower than previously (1 keV) and as such techniques including Born
subtraction are no longer of any significant benefit. However, as we are conducting
calculations near threshold the new numerical formulations of the treatment of the
singularity within the CCC method [119, 120] are utilised, including those developed
for charged targets as part of this project.
Figure 3.13 contains results for the photoemission cross section, phase, and time
delay of H− at energies approaching the n = 2 threshold at 10.2 eV. In the top panel
containing the cross sections we find that the CCC calculation agrees well with the
B-spline calculation of Venuti and Decleva [133]. Generally good agreement is also
seen with the experimental data collated in Popp and Kruse [134] with the exception
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of below 0.1 eV. The newer set of experimental results [135] additionally exhibits
good agreement with the theoretical predictions. The middle panel contains the
phases as calculated from the D-matrix (photoemission phase) and S-matrix (elec-
tron scattering phase) in comparison with those calculated by the variational cal-
culation of Register and Poe [136] and the hyperspherical close-coupling calculation
of Chen et al. [137]. All phase calculations are in good agreement. The indistin-
guishability of the photoemission and electron scattering phases across this energy
range indicates that these are largely equivalent processes when there is yet to be
an excitation channel with any significant contribution. Do note the variation that
begins in the vicinity of the n = 2 excitation threshold. The bottom panel contains
the time delays of the corresponding phases which are simply their derivatives with
respect to energy. The D-matrix results are for the photoemission time delay (2.137)
and the S-matrix is the electron scattering time delay (2.133), both of which are
again indistinguishable with the exception of the behaviour that begins to exhibit
itself approaching a photoelectron energy of 10.2 eV.
The scattering phase shift is expected to follow the Wigner threshold law for
a short range potential δl ∝ El+1/2 [96]. For a spherically symmetric target such
as H− the p wave (δ1 ∝ E3/2) will define the photoemission time delay. As such it
is expected to vanish at the threshold of zero photoelectron energy as τph ∝ E1/2.
This was found to be the case for the frozen core Hartree-Fock calculation using the
code of Chernysheva et al. [138]. However, the inclusion of the polarisation potential
V (r) = β/r4 changes this result significantly. Doing so, yields a scattering phase
of δ1 = (2piβ/15)E and hence a constant time delay τph = 2piβ/15 [139]. Taking
the CCC calculated value at a photoelectron energy of 10−5 eV (corresponding to
the arrow in the bottom panel of Figure 3.13) gives a time delay of 45.5 as. This
suggests β ' 4.48, which is in good agreement with expected analytical result of
9/2.
Now we look to examine the differences between the photoemission and elec-
tron scattering time delays when an additional excitation channel is present. We
do so by considering both the H− and He targets over an extended energy range.
This is because although they are both two electron systems, their ground state
configurations are substantially different, yielding contrasting behaviours in terms
of exhibited time delays. The photoemission cross section, phase, and time delay of
H− and He are given in Figure 3.14 and Figure 3.15 respectively. We begin discussion
with He as its results are altogether simpler. Firstly note that the photoionisation
cross section for He leaving the target in the n = 1 ground state is indistinguishable
from the total cross section (summed over all final states) [140]. This is indicative
of the overwhelming dominance of this channel. In the top panel we compare the
calculated cross sections of CCC, the frozen core Hartree-Fock calculation using the
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code of Chernysheva et al. [138], and the experimental values of Samson et al. [140]
all of which are in good agreement. Similarly, both definitions of phase and time
delay along with the Hartree-Fock calculation produce highly similar results. This is
indicative of the independent electron treatment within the Hatree-Fock basis being
sufficient for both the photoionisation and elastic scattering processes due to the
effect of electron-electron correlations being negligible, as is often found to be the
case when dealing with helium. This is a testament to the general applicability of
the frozen core model to the helium atom.
The results for H− are markedly different given in Figure 3.14. The photodetach-
ment channel leaving the hydrogen core in the n = 1 is the largest contributor, but
beyond the first excitation threshold it only accounts for approximately half of the
total cross section. CCC results for the total cross sections are in good agreement
with the experimental values of Broad and Reinhardt [141]. However, the phase as
calculated by the Hartree-Fock approach [138] exhibits considerable differences to
those calculated from both the D- and S- matrices. This is indicative of a strong
core polarisation effect that is unable to be accounted for within a frozen core model.
Additionally, the photoemission phase and scattering phase begin to deviate signif-
icantly beyond the opening of the first excitation channel. Right on threshold the
S-matrix phase experiences a narrow resonance in the dipole singlet channel of e-H
elastic scattering due to the quasi-bound state of the H− ion [100]. This resonance is
magnified in the inset of the middle panel. Immediately above threshold both phases
grow linearly with energy, however at a much greater rate for the D-matrix. This
results in a sharp peak in the photoemission time delay as high as ' 40 as, a delay
that is large enough to be readily measurable using existing attosecond chronoscopy
techniques [89, 90]. The equivalent peak in the scattering time delay is around a
factor of 10 smaller. Each peak can be associated with the opening time of the newly
accessible photoemission or inelastic scattering channel. With further increasing en-
ergy the photemission delay falls faster than the scattering delay, though at no point
do they return to being indistinguishable.
The large disparity between the photoemission and scattering time delays can
be explained by the different lowest order electron-electron interaction involved in
the mixing of the ground and excited states. Figure 3.16 contains two Feynmann
diagrams which illustrate these interactions involving virtual excitation of the core
to n = 2 for photoemission (left) and elastic scattering (right). For elastic scatter-
ing on hydrogen, virtual excitation requires two successive interactions between the
projection electron and the target; the first to excite and the second to de-excite.
Hence, the only contribution to the time delay comes from a second order process.
For photodetachment of the hydrogen ion however, the initial state contains a sig-
nificant fraction (∼ 20%) of the 2s2 configuration in its ground state of which only
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Figure 3.13: The photodetachment cross section (top), phase (middle) and time delay
(bottom) of H− at photoelectron energies approaching the threshold at 10.2 eV. The cross
sections calculated by CCC (black solid line) are compared with aB-spline calculation [133]
(blue dashed line), and the experimental data collated in [134] (original plotting symbols)
and [135] (black points). The S-matrix phase and time delay are for e-H scattering within
the dipole singlet channel and are compared with literature values [136, 137] for the phase.
The D-matrix values are the calculated photoemission phase and time delay. The arrow
indicates the limit of zero photoelectron energy.
60 § 3.2 Wigner Time Delay of H− and He
 0.01
 0.1
 1
 10
        
Cr
os
s s
ec
tio
n (
M
b)
 
H- ion
CCC
n=1
all n
Ref.[141]
-0.2
 0
 0.2
 0.4
        
Ph
ase
 (r
ad
)
 
 
S-matrix
D-matrix
HF
-20
 0
 20
 40
 0.1  1  10  100
Ti
me
 de
lay
 (a
s)
Photoelectron energy (eV)
    
   S-matrix
D-matrix
HF
10.310.1
  
  
    
Figure 3.14: The photodetachment cross section (top), phase (middle), and time delay
(bottom) of H− over an extended range of photoelectron energies. Presented are the partial
cross section leaving the target in the ground state ni = 1 (red filled circles) and the total
cross section summed over ni < 5 (red open circles) in comparison with experiment [141]
(black circles). The S-matrix phase and time delay are for e-H scattering within the
dipole singlet channel, the D-matrix values are the photoemission phase and time delay,
and are compared with a Hartree-Fock frozen core calculation [138]. The inset highlights
the S-matrix phase in the vicinity of the threshold for n = 2 excitation at 10.2 eV.
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Figure 3.15: The photoionisation cross section (top), phase (middle) and time delay
(bottom) of He over an extended range of photoelectron energies for a comparison with
those of H−. The total cross section that calculated for the ground state single ionisation
of He by CCC (red circles), compared with experimental values [140] (black points), and
a frozen core Hartree-Fock calculation [138] (blue dashed line). The S-matrix phase and
time delay are for e-He+ scattering within the dipole singlet channel and the D-matrix
values are the calculated photoemission phase and time delay.
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requires a single interaction to de-excite to the ground state. As such, there is a
considerable contribution to the time delay in this case from a first order process,
which produces the larger effect seen in the middle and bottom panels of Figure 3.14
across the opening of the n = 2 excitation channel. For helium there is no signifi-
cant fraction of 2s2 in the ground state and as such we see no comparable effect in
Figure 3.15.
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Figure 3.16: Graphical representation of the lowest order interactions involving virtual
excitation to n = 2 in the photodetachment of H− (left) and elastic scattering on H (right).
Chapter 4
Conclusions
Within this work we have investigated the discrepancy between theory and experi-
ment presented by Höhr et al. [82] for the laser assisted electron impact ionisation of
helium through implementing the soft photon approximation for the laser assisted
cross section within the convergent close-coupling (CCC) method. In doing so we
have shown that using the field-free cross sections as calculated by CCC is equally
unable to reproduce the result of their experiment and is in fact consistent with
their theory which applies the first Born approximation to the field-free scattering.
Hence, we have concluded that it is rather the description of the laser interaction
that is the cause of the presented discrepancy, likely in that of the slow emitted
electron which is heavily influenced by the laser field. This is the current consensus
held within recent works [84, 85] which have employed more nuanced descriptions
of the target dressing effects and field-free scattering than the original Höhr et al.
paper [82], although in the field-free case not to the extent offered by the CCC.
Nonetheless, neither of these works are able to rectify the presented discrepancy.
Additionally, we have investigated the photoemission time delay of the H− ion
in comparison with the elastic scattering time delay of the associated photon free
process of the elastic elastic scattering of an electron on H within the dipole singlet
channel. Particular focus is given to the behaviours resulting from the opening of
the n = 2 excitation channel of H− at 10.2 eV. For a comparison with these results
for H−we also examined the photoionisation of He and the associated processes of
elastic scattering on He+. We found that across this excitation threshold there was
considerable growth in the exhibited time delay which was approximately an order
of magnitude larger in the photoemission case compared with that of the associated
elastic scattering and attributed this effect to the ground state correlation present
in H− . The peak delay was found to reach ' 40 as and is of a sufficiently high
magnitude to be potentially measured using existing attosecond streaking [89] and
interferometric [90] methods.
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4.1 Further Work
Initially it was hoped to be able to apply the newly developed soft photon code
with CCC to other problems such as to the elastic scattering problems where this
approximation has been already shown to work [68–70] with the notable exceptions
of small scattering angles [71, 72]. However, typically the field-free to field-assisted
ratio involving a specific number of photons is considered, which within this ap-
proximation is independent of the scattering target. Hence, there is no room for
contribution from the use of the more comprehensive field-free scattering treatment.
Additionally, we can potentially improve upon the approximations which omit target
dressing effects of the laser atom interaction using existing perturbation techniques
that have been applied to the problem [80]. Despite making these improvements
however, it is unlikely to effectively tackle this discrepancy as this approach has
already been applied in attempt to explain the same laser assisted electron impact
ionisation experiment [85]. The consensus in the literature of which our results also
support is that a more nuanced treatment is required in the description of the laser
interaction than that which is offered by the soft photon approximation. In order
to provide such a treatment we hope either to utilise and extend the TDSE code
developed by Patchkovskii and Muller [142] for single electron systems or develop
our own code to incorporate multi-electron interactions. We have seen as a result
of our time delay calculations, the electron-electron correlations play a significant
role in the time delay calculations. As such, the development of a method that is
able to take into this effect while solving for an atomic system interacting with an
ultrashort laser pulse would constitute a significant breakthrough.
With our discovery of the large enhancement of the time delay with the opening
of a new reaction channel, particularly in the case of photodetachment (equivalently
photoionisation), we expect to see such behaviours in a number of different targets
other than those originally considered. For example, in the photodetachment of the
Li− ion near the 2 2P threshold [143] and the photoionisation of metastable helium
near the n = 3 threshold [128]. Similar effects attributed to electron correlation
have already been observed in noble gases [144]. Furthermore, in molecules near the
threshold of new dissociation channels we again expect to see this kind of enhance-
ment. Particularly ideal targets to observe this kind of enhancement however, are
singly negative ions as the measured time delay will not be affected by the laser cou-
pling with the Coulomb field of the resulting ion [145, 146]. This field of attosecond
spectroscopy is currently in its infancy and accordingly there are a vast number of
interesting problems to consider both theoretically and experimentally. In addition
to applying our established methodology to other atomic and molecular targets, the
development of a time dependent code that is able to incorporate electron-electron
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correlations would potentially enable the solution of these time delay problems from
another perspective.
The most promising way for us to proceed is to devise a method based upon the
numerical solution of the time dependent Schrödinger equation, as this offers the
most detailed and accurate theoretical description of laser driven electron dynamics.
However, brute force solutions of this equation are only feasible for simple systems
with one or two active electrons. Even for two electron systems driven by long wave-
length laser radiation, finding such a solution presents a formidable challenge as the
required computational resources increase very rapidly with the wavelength [147].
More complex systems with many active electrons are outside the limits of such an
approach. In order to overcome these complications, in our formulation we look to
include the correlation effects into the ionisation and/or recombination stage of the
laser driven electron dynamics, whereas the propagation of the ionised electrons in
the laser field would remain restricted to one or two active particles. This propaga-
tion can be solved non-perturbatively by close-coupling methods already available
for field-free propagation [148]. In doing so we hope to take into account the many
body effects of the electron correlations without causing the problem to become
beyond the capabilities of available computational resources. If successful, this ap-
proach will allow us to tackle such challenging problems as the non-sequential double
ionisation of two electron systems (such as the He atom and H2 molecule) by long
wavelength radiation [147], and that of resonantly enhanced harmonic generation in
noble gas atoms [149] in addition to the problems investigated within this work.
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Appendix A
Atomic Units
The system of atomic units comes from setting the value of the electronic charge e,
electronic massme, reduced Planck constant ~, and Coulomb constant ke = 1/(4pi0)
to unity. Accordingly we write
e = me = ~ =
1
4pi0
= 1. (A.1)
Doing so allows the Hamiltonian of atomic systems to be written in a natural form.
For example, the Hamiltonian of a hydrogen atom written in atomic units is simply
H = −12∇
2 − 1
r
(A.2)
and the resulting energy eigenstates are
En =
1
2n2 (A.3)
in units of Hartree (the atomic unit of energy) Eh = 27.2 eV. The ground state
(n = 1) energy defines the Rydberg as 1/2 Hartree. The radii of the corresponding
orbits within the Bohr model are given by
rn = n2 (A.4)
in units of Bohr radii (the atomic unit of length) a0 = 5.29 × 10−11 m. From the
definition of these two units, through their combination and the addition of the
constants set to unity, all other quantities in atomic units can be constructed. Cross
sections are then given in units of a20 which is equivalent to 28 Mb. Electric fields are
given in units of Eh/(ea0) of which 1 a.u. is the equivalent of 5.14× 1011 V/m. This
is the strength of electric field in a hydrogen atom at the radii of orbit in the ground
state. Similarly, time is given in units of ~/Eh of which 1 a.u. is the equivalent of
24.2 as.
A consequence of setting ~ to unity is that the de Broglie wave vector becomes
analogous to momentum and similarly frequency with energy. For example, an
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electron with kinetic energy given in Hartrees has momentum in atomic units given
by p = k =
√
2E. Furthermore, angular momentum becomes effectively unitless.
The dimensionless fine structure constant α retains its magnitude in any system
of units
α = e
2
4pi0~c
≈ 1137 . (A.5)
Hence, in atomic units c ≈ 137.
The relation between laser intensity I and peak electric field strength F0 in a
vacuum is given in atomic units by
I = F
2
0
8piα. (A.6)
The intensity that corresponds to an electric field strength of 1 a.u. in more common
units is 3.5×1016 W/cm2. At this intensity the force due to the laser becomes equal
to that of the atomic field for a hydrogen atom.
Table A.1: Common quantities in the system of atomic units.
Quantity Expression Value in other units
Energy Eh = mee4/(4pi0~)2 = meα2c2 27.21 eV
Length a0 = 4pi0~2/(mee2) = ~/(mecα) 0.529 Å
Cross Section a20 28 Mb
Time ~/Eh 24.2 as
Velocity a0Eh/~ = αc 1/137 c
Momentum mea0Eh/~ = ~/a0 3.73 keV/c
Angular Momentum mea20Eh/~ = ~ 1.97 keV Å/c
Electric Field Eh/(ea0) 51.4 V/Å
Intensity E2h/(~a20) 0.64 W/Å2
In Table A.1 ‘Å’ are Angstroms (10−10 m), ‘b’ are barns 10−28 m2, and ‘as’ are
attoseconds 10−18 s.
Appendix B
Derivations
Here we include some derivations that, although useful to the understanding of key
equations, were deemed too lengthy and/or inappropriate for the main body of text.
B.1 Lippmann-Schwinger Equations
We begin with the Schrödinger equation
(E −H)|ΨS(N+)i 〉 = 0 (2.43)
and look to derive an expression for the transition amplitude given by〈
kfφ
(N)
nf
∣∣∣T S∣∣∣φ(N)ni ki〉 ≡ 〈kfφ(N)nf ∣∣∣V S∣∣∣ΨS(N+)i 〉. (B.1)
Firstly we group terms in the Hamiltonian into the asymptotic part Ha and the
interaction potentials V S. Note that the S dependence of V comes from symmetri-
sation terms included within it as in (2.45) rather than the potentials themselves
being spin dependent. In doing so we may now write (2.43) as
V S
∣∣∣ΨS(N+)i 〉 = (E −Ha)∣∣∣ΨS(N+)i 〉. (B.2)
Now projecting by
∣∣∣φ(N)n 〉 we have〈
φ(N)n
∣∣∣V S∣∣∣ΨS(N+)i 〉 = 〈φn∣∣∣(E −Ha)∣∣∣ΨS(N+)i 〉 (B.3)
=
〈
φ(N)n
∣∣∣(E −Ha) N∑
m=1
∣∣∣φ(N)m 〉〈φ(N)m ∣∣∣ΨS(N+)i 〉 (B.4)
= (E − (N)n − k2/2)
N∑
m=1
δmn
〈
φ(N)m
∣∣∣ΨS(N+)i 〉 (B.5)
= (E − (N)n − k2/2)
〈
φ(N)n
∣∣∣ΨS(N+)i 〉. (B.6)
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Here we have used the fact that
Ha
∣∣∣φ(N)n 〉 = ((N)n + k2/2)∣∣∣φ(N)n 〉 (B.7)
with (N)n being the asymptotic energy of the target in the n-th state and similarly
k2/2 for the projectile. Invoking the Green’s function approach we can write
〈
φ(N)n
∣∣∣ΨS(N+)i 〉 = δni∣∣∣ki〉+
〈
φ(N)n
∣∣∣V S∣∣∣ΨS(N+)i 〉
E + i0− (N)n − k2/2
(B.8)
= δni
∣∣∣ki〉+ ∫ d3k ∣∣∣k〉
〈
kφ(N)n
∣∣∣V S∣∣∣ΨS(N+)i 〉
E + i0− (N)n − k2/2
(B.9)
where i0 ≡ lim→0+ i is added to ensure outgoing spherical wave boundary condi-
tions (see Appendix B.2). The term δni
∣∣∣ki〉 comes from the value of 〈φ(N)n ∣∣∣ΨS(N+)i 〉
on the asymptotic boundary. Finally by multiplying both sides of (B.9) by
N∑
n=1
〈
kfφ
(N)
f
∣∣∣V S∣∣∣φ(N)n 〉 (B.10)
we have
〈
kfφ
(N)
f
∣∣∣V S∣∣∣ΨS(N+)i 〉 = N∑
n=1
〈
kfφ
(N)
f
∣∣∣V S∣∣∣φ(N)n 〉〈φ(N)n ∣∣∣ΨS(N+)i 〉 (B.11)
=
〈
kfφ
(N)
f
∣∣∣V S∣∣∣φ(N)i ki〉
+
N∑
n=1
∫
d3k
〈
kfφf
∣∣∣V S∣∣∣φ(N)n k〉〈kφ(N)n ∣∣∣V S∣∣∣ΨS(N+)i 〉
E + i0− (N)n − k2/2
(B.12)
or equivalently〈
kfφ
(N)
f
∣∣∣T S∣∣∣φ(N)i ki〉 = 〈kfφ(N)f ∣∣∣V S∣∣∣φ(N)i ki〉
+
N∑
n=1
∫
d3k
〈
kfφf
∣∣∣V S∣∣∣φ(N)n k〉〈kφ(N)n ∣∣∣T S∣∣∣φ(N)i ki〉
E + i0− (N)n − k2/2
. (B.13)
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B.2 Scattering Amplitude
Here we look to provide a derivation for the relationship between the T -matrix and
the scattering amplitude for elastic scattering. Let us consider a particle scattering
on a short ranged potential V . The corresponding Schrödinger equation can be
written as
(E −K)|ψ〉 = V |ψ〉 (B.14)
where E = k2/2 > 0 is the total energy of the system and K is the kinetic en-
ergy of the projectile. Utilising the Green’s function approach we may write the
wavefunction as
|ψ〉 = |k〉+ V
E −K |ψ〉 (B.15)
= |k〉+
∫
dk′3 |k
′〉〈k′|V |ψ〉
E − k′2/2 (B.16)
where k is defined such that (E − K)|k〉 = 0. If we now project onto coordinate
space and recognise that dk3 ≡ k2dk dkˆ we can write for large r
〈r|ψ〉 = 〈r|k〉+
∫ ∞
0
dk′ k′2 〈r|k
′〉〈k′|V |ψ〉
E − k′2/2 (B.17)
= (2pi)−3/2 exp(ik · r)
+ (2pi)−3/2
∫
dkˆ
∫ ∞
0
dk′ k′2 exp(ik
′ · r)
k2/2− k′2/2〈k
′|V |ψ〉 (B.18)
= (2pi)−3/2 exp(ik · r)
+ 1
ir
√
2pi
∫ ∞
0
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉 − 〈−rˆk′|V |ψ〉 exp(−ik′r)
(k + k′)(k − k′) (B.19)
= (2pi)−3/2 exp(ik · r)
+ 1
ir
√
2pi
∫ ∞
−∞
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉
(k + k′)(k − k′) (B.20)
where we have used
〈r|k〉 = (2pi)−3/2 exp(ik · r), (B.21)
the expansion
lim
r→∞ exp(ik · r) =
2pi
ikr
(
δ(kˆ − rˆ) exp(ikr)− δ(kˆ + rˆ) exp(−ikr)
)
, (B.22)
and the symmetry about k′ = 0 in (B.19) to extend the lower integration limit to
−∞.
Now let us consider the closed semi-circular contour C = C1 + C2 of radius R
as shown in Figure B.1. The choice to use this contour which includes the pole
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R
Re(k)
Im(k)
k′
−k′
C1
C2
Figure B.1: The closed contour C = C1 + C2 that corresponds to a solution consistent
with outgoing spherical wave boundary conditions. It contains the singularity occurring
at k′ but avoids that of −k′. For incoming spherical wave boundary conditions this is
reversed.
at k = k′ and not that of k = −k′ is purely because it leads to an expression
appropriate for an outgoing spherical wave. The addition of infinitesimally small
imaginary components about these poles is commonly denoted by the addition of
+i0 or superscript (+) . For the equivalent expression resulting in an incoming
spherical wave the inclusion of these poles is reversed and accordingly the notation
−i0 or (−) is used. Note that on this contour we have
lim
R→∞
∫
C1
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉
(k + k′)(k − k′) = 0 (B.23)
lim
R→∞
∫
C2
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉
(k + k′)(k − k′) =
∫ ∞
−∞
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉
(k + k′)(k − k′) . (B.24)
Hence, we may write∫ ∞
−∞
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉
(k + k′)(k − k′) = limR→∞
∮
C
dk′ 2k′ exp(ik
′r)〈rˆk′|V |ψ〉
(k + k′)(k − k′) . (B.25)
Now using contour integration we may evaluate this integral using∮
C
dz f(z) = 2pii
n∑
i=1
Res[f(zi)] (B.26)
where each zi corresponds to a pole of f(z) and the residue is given by
Res[f(zi)] =
1
n! limz→zi
dn
dzn
[
(z − zi)n+1f(z)
]
(B.27)
where n is the order of the corresponding pole. Doing so yields
〈r|ψ〉 = (2pi)−3/2 exp(ik · r)−√2pi〈rˆk|V |ψ〉exp(ik
′r)
r
and hence we have the scattering amplitude f(rˆk) = −√2pi〈rˆk|V |ψ〉.
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B.3 Time Delay
Here we provide an introduction to the concept of a time delay in an elastic scattering
collision through reproducing the comparatively simple derivation summarised in the
review of de Carvalho and Nussenzveig [131]. Consider a one dimensional wavepacket
given by
〈t x|Ψ〉 =
∫
|A(k)| exp
{
i
[
kx− ω(k)t+ η(k)
]}
dk (B.28)
consisting of waves of magnitude |A(k)|, phase shift η(k), and frequency ω(k). As-
suming that |A(k)| is at a maximum for k0 it is a reasonable question to ask at what
x will the packet be peaked at a given time t. Considering (B.28) as a superposi-
tion of monochromatic waves (summed over k), large variation of phase will cause
mainly destructive interference. Hence, the largest amplitude will occur when the
maximum of |A(k)| (k0 by definition) corresponds to a stationary point of the phase,
i.e.
[
kx+ η(k)− ω(k)t] ∣∣∣
k=k0
= const. (B.29)
=⇒ x+
[
dη(k)
dk −
dω(k)
dk t
] ∣∣∣∣∣
k=k0
= 0. (B.30)
From which, it is clear that the point of constant phase (the maximum of the packet)
travels with a velocity
vg =
dω(k)
dk
∣∣∣∣∣
k=k0
. (B.31)
For a dispersive medium (ω not linear with k) this will differ from the phase velocity
vφ =
ω(k0)
k0
. (B.32)
If we now instead consider the wavepacket of s-wave (L = 0) scattering on a
spherically symmetric short ranged potential we can express the incoming packet
via
lim
r→∞〈r|Ψi〉 =
∫ ∞
0
|A(E)| exp
{
i
[
− kr − Et+ η(E)
]}
dE. (B.33)
Note that here k is simply shorthand via k =
√
2E. For this packet the point of
constant phase occurs at a time
ti max =
[
− r
k
+ dη(E)dE
] ∣∣∣∣∣
E=E0
. (B.34)
This is correspondingly the point which the packet is centred about. Note that in
coming to the expression (B.34) we require that r is not a function of the projectile
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energy E at an asymptotically large distance from the scattering centre. Similarly,
considering the outgoing wavepacket we have
lim
r→∞〈r|Ψf〉 =
∫ ∞
0
|A(E)| exp
{
i
[
kr − Et+ η(E) + 2δ(E)
]}
dE (B.35)
where the 2δ(E) term is the phase shift due to the scattering event associated with
the elastic S-matrix element S(E) = exp{2iδ(E)}. The outgoing wavepacket is
therefore centred about a time
tf max =
[
r
k
+ dη(E)dE + 2
dδ(E)
dE
] ∣∣∣∣∣
E=E0
. (B.36)
Interpreting this in comparison with the expression for the initial wavepacket (B.34)
we define the time delay of this scattering event as
τ = dδ(E)dE
∣∣∣∣∣
E=E0
. (B.37)
The same definition is appropriate for higher partial waves as for an asymptotic
distance they simply differ by trivial factors. Hence, for a partial wave of given L
we have
τL =
dδL(E)
dE
∣∣∣∣∣
E=E0
. (B.38)
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